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Some educational problems 
of significance to engineering colleges 


CARROLL V. NEWSOM, Associate Commissioner of Education, 
The University of the State of New York, Albany, New York. 


My RESPONSIBILITIES for higher and pro- 
fessional education in the state of New 
York include the maintenance of satisfac- 
tory standards of education for those stu- 
dents who desire to enter the seventeen 
professions recognized by the statutes of 
the state. This fact, combined with the ex- 
perience of a quarter of a century of teach- 
ing college mathematics on both the 
undergraduate and graduate levels, in- 
cluding many classes that were composed 
chiefly of engineering students, has caused 
me to become genuinely concerned with 
many educational problems. In fact, two 
years ago I organized, in the state of New 
York, a High School-College Articulation 
Committee to attempt to resolve some of 
the issues with which we are faced. This 
article is concerned essentially with some 
of the findings that have resulted from 
that committee’s deliberations, along with 
some of my personal opinions. 

An examination of the situation that 
exists on the high school level forces one to 
the conclusion that there are problems in 
the field of public education that are much 
more complicated than many of us may 
have suspected. It would appear that our 
educational effort as it pertains to the 
high schools has succeeded admirably in 
some directions but has been far from suc- 
cessful in others. First, therefore, let us 
consider some of the problems that con- 
front the public schools. 

In 1945, the Harvard Committee on the 
Objectives of a General Education in a 


1 Invited address given before the summer meet- 
ing of the A.S.E.E., June 1952. 


Free Society published a report which, it 
is claimed, “presents a view of the total 
American educational scene.” In this re- 
port appears the following statement: 

In the seventy years between 1870 and 
1940 the population slightly more than tripled. 
But in 1870 some 80,000 students were enrolled 
in secondary schools and 60,000 in colleges, 
whereas by 1940, 7,000,000 were enrolled in the 
former and 1,500,000 in the latter. Thus, while 
the general population was increasing three 
times over, the enrollment of high schools was 
being multiplied about ninety times and that 
of colleges about thirty times. And the end is 
not yet. Even now one young person in six fails 
to reach high school, and half of those who enter 
drop out before the end. 


The report goes on to state that the ninety- 
fold increase in high school enrollment has 
not meant simply a ninetyfold multiplica- 
tion of the old plan and kind of schooling. 
Whereas in 1870 three-fourths of those 
who attended high school went on to col- 
lege, now three-fourths of all high school 
students look forward to employment at 
the conclusion of their secondary studies. 
The Harvard report raises the important 
question: 

How, given this new character and rule of 
the high school, can the interests of the three- 
fourths who go on to active life be reconciled 


with the equally just interests of the one-fourth 
who go on to further education? 


I have discovered that experts at the sec- 
ondary level admit frankly that they have 
not succeeded in providing a satisfactory 
answer to this question. 

Our public schools are filled to overflow- 
ing with great numbers of students of 
varied interests and abilities; this variety 
may be such as to virtually prevent a 
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sound program in instruction in terms of 
the needs of the students. It is inevitable 
that some solution must be developed that 
will involve a differentiation of students in 
terms of interest and ability, but it ap- 
pears that such a remedy is not easily ac- 
complished. A major difficulty results 
from the fact that there seem to be no 
adequate criteria for the determination of 
ability; my own experience as a teacher 
confirms such a belief. At one time I actu- 
ally created a study to discover why stu- 
dents who rated in the upper ten per cent 
of the entrance examinations in mathe- 
matics never seemed to be able to become 
mathematics majors; such students did 
very well during the freshman year, but 
most of them fell by the wayside long 


before their senior year. Those who ulti- 
mately became candidates for the Ph.D. 


degree were usually in the middle brack- 
ets of intelligence, as determined by the 
tests that were given them at the time of 
college entrance. I understand that psy- 
chologists are in considerable disagree- 
ment upon the significance of intelligence 
tests. There are other problems involved 


in this suggestion of differentiation; the 


element of drive and ambition on the part 
of the student cannot be ignored. We have 
found in the state of New York that less 
than half of the students whose grades 
place them in the upper quarter of the 
high school graduating class ever go on to 


college. Economic factors have been ad-' 
vanced as the reason for this phenomenon’ 


but some students of the subject empha- 
size, as a partial explanation, the lack of 
motivation on the part of many competent 
youngsters. Also, we cannot ignore the 
importance of parental prejudices in any 
plan for differentiation. Many parents are 
determined that their children should be 
placed in the so-called college sequence in 
high school, when it is available, irrespec- 
tive of the children’s ability. I have been 
told by some high school principals that 
most parents completely reject differenti- 
ation of students in terms of ability. The 
creation of two or more sequences of 


courses in high school also encounters 
difficulties of a financial nature; it appears 
that many of the smaiier high schools can- 
not afford this kind of multiple-track pro- 
gram. I have suggested frequently that it 
may be necessary to develop correspond- 
ence courses for high school students in 
order to provide special opportunities for 
students of ability and unusual aptitudes. 
I can well understand the tremendous 
problems involved in a program of mass 
education such as we have in this country; 
nevertheless, I believe it is urgent that 
there be continuing efforts toward the 
provision of special educational oppor- 
tunities for certain students. 

To continue our analysis of pre-college 
education, it is interesting to observe the 
striking manner in which the curriculum 
in the high school has changed during the 
past half century. In considering this 
change, the late Commissioner Spaulding 
of my own organization wrote: 

The subjects studied have changed. They 
have changed in part simply because there are 
more things in the world now to learn about 
than there used to be: aviation, electronics, the 
Soviet Union, the United Nations, the econom- 
ics of prosperity and depression, the atomic 
bomb, to mention only a few. The subjects 
taught have changed also because they now in- 
clude many things that were formerly not nec- 
essary for a high school curriculum because 
they were not an essential part of preparation 
for life: industrial arts, home economics, agri- 
culture, citizenship, group living. 

It is only reasonable to expect that this 
great expansion in the content of the high 
school program would have an impact 
upon the emphasis that is given to those 
subjects that many of us regard as funda- 
mental, especially to a curriculum such as 
engineering. Three years ago I visited 
virtually every college and university in 
the state in an attempt to study their 
major problems. Without exception I 
heard charges of inadequacy on the part 
of high school graduates; Commissioner 
Spaulding made an analysis of these 
charges in 1948, and he summarized his 
findings as follows: 


All’[too often, we are told: “High school 
students today can’t spell.” “High school grad- 
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uates can’t use arithmetic.”’ ‘‘High school pupils 
don’t know the facts of American history.’’ Or, 
to sum it all up: “High school students need to 
get back to learning the three R’s as well as 
their grandfathers did.” 

Modern education has its shortcomings, 
without question. But the plain fact is that it is 
better education than the education your fa- 
thers and grandfathers had. 


This is a very interesting and important 
conclusion, and is quite contrary to opin- 
ions of many college educators, but I dis- 
cover that Dr. Spaulding had strong evi- 
dence to back him up. For example, he 
studied the showing of New York State 
high school students on the 1947 Regents 
tests as compared with that on the 1915 
tests, and he came to the conclusion that 
“the present-day pupils do better in every 
field.” About 1920, in Boston, there was 
discovered a complete set of examination 
papers, including teachers’ corrections, 
that had been given in the schools of Bos- 
ton in 1854. Boston students were given 
these tests, and the papers were graded in 
the same manner as previously. It was 
concluded in this study that “the pupils of 
this century knew the meanings of words 
better than did the pupils of the last 
century. And they could spell and figure 
better, too.”’ 

I have made a cursory study of the 
preparation of mathematics teachers now 
as compared with that of, say, thirty 
years ago. I embarked upon the analysis 
with a certain amount of prejudice, for I 
am extremely dissatisfied with the cur- 
ricula now made available to our prospec- 
tive secondary teachers; yet I am forced to 
confess that teachers now are better 
trained than they were thirty years ago. I 
may say in passing that the training of 
secondary teachers is becoming more and 
more a responsibility of our liberal arts 
colleges rather than the teachers colleges. 
In other words, there is an increasing 
amount of merit in the assertion that defi- 
ciencies on the part of high school teachers 
is a fault of the liberal arts college depart- 
ments that train those teachers. It is be- 
coming too common to blame departments 


of education; I have been unable to see 
that very many departments of mathe- 
matics are assuming any responsibility in 
this area. I should like to see such organi- 
zations as the American Society for Engi- 
neering Education work with institutional 
departments of mathematics to the end 
that we do a better job of training teachers 
of the basic courses. I have given some 
time to the study of certification require- 
ments for teachers; there is little doubt in 
my mind, without going into an elabora- 
tion of the subject, that there is much 
more to the problem of obtaining good 
teachers than merely that of changing 
certification requirements. The state of 
New York is required by statute to main- 
tain a program of approving, or register- 
ing, curricula for the training of those who 
enter the professions; we do that in engi- 
neering, medicine, and so on. Three years 
ago I invoked the same policy for those 
institutions that are training teachers; I 
am becoming convinced that this is a more 
effective device than certification. I hope 
the plan is extended in this country. 

While I am on the subject of teaching, 
let me call your attention to the fact that 
there is a screening process going on in our 
colleges and universities, aided and abetted 
by industry, that skims off able mathema- 
ticians and scientists for research and in- 
dustry whereas those left over go into 
teaching. This fact was revealed in striking 
manner by the results of the tests adminis- 
tered by the federal government to deter- 
mine Selective Service deferments. It is 
my personal belief that this problem is 
sufficiently serious that industry can well 
afford to help resolve the issue. It is con- 
ceivable that science and mathematics 
teachers in many communities might ac- 
tually become affiliates of local industries 
in order that they might receive added 
remuneration and additional experience 
and training. Such a program could pro- 
vide strong inducements for able students 
to enter teaching. 

I shall not dwell at length on the prob- 
lems of instruction on the college level. 
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You know them as well as I do. However, 
I must confess my continual irritation 
that such a low caliber of teaching is toler- 
ated on the freshman and sophomore 
levels in our colleges and universities. Fre- 
quently young instructors are more con- 
cerned about their research than their 
teaching; actual visitation to their class- 
rooms, such as I have indulged in fre- 
quently in recent years, reveals little in- 
terest in the problems of their students. I 
happen to believe in good mathematics, 
but in some classrooms the attempts that 
are being made in the direction of greater 
rigor completely ignore the student’s level 
of maturity and his ability to comprehend. 
After all, there is no such thing as absolute 
rigor; it is a function of a person’s maturity 
and past experience. I think that engineers 
have a right to insist on better teaching 
from those instructors who handle the 
basic subject-matter fields. 

So far I have indicated some of the good 
and some of the bad in our high school- 
college educational effort, as well as some 
pertinent factors for the development of 
the subject of this paper. What are some 
of my conclusions as I begin to synthesize 
these factors? First, engineering schools 
are observing what they regard as a defi- 
ciency in mathematical preparation on the 
part of high school students as compared 
to years past because, I believe as a partial 
explanation, the student of modern engi- 
neering requires much more mathematics 
than was required thirty years ago. A 
short time ago I looked over a textbook on 
physical chemistry that I studied nearly 
thirty years ago. This course was taken in 
the latter years of my college career, but, 
it seems impossible to believe, there is not 
a single integral in the entire book. In my 
total undergraduate program of science 
and engineering I have no recollection of 
using any mathematics other than the 
simplest algebra and trigonometry; I can 
still remember my surprise as a graduate 
student when I found some practical uses 
for the definite integral. The change that 
has taken place is little short of amazing. 


Now, I believe it is urgent that students 
actually have some calculus before they 
enter college if they are going to undertake 
the study of engineering and the physical 
sciences. In other words, even if tests re- 
veal that our total educational program in 
high school is getting better, the college 
demands in such a field as mathematics 
have moved ahead at such a rapid pace 
that they have still completely outstripped 
what is now available in most high 
schools. 

This leads easily into my second point. 
Recently I have given some attention to 
the total mathematics program offered by 
high school and college. I have become 
convinced of the existence of a tremendous 
gap between high school mathematics and 
college mathematics. Both in approach 
and content the mathematics taught on 
the college level and demanded on the 
college level is moving away from that 
taught on the high school level. If I had 
more time I could provide many specific 
instances of what I mean. I am advocating 
that the total curriculum in mathematics 
from the eighth grade in the schools to the 
end of the senior year in college must be 
reviewed. There is doubt that this can be 
done by volunteers, for it is an assignment 
that requires full-time study on the part 
of experts for a period of time. Perhaps 
foundation support is needed for such a 
project. 

There is still another element in the 
total picture that I want to call to your 
attention. Engineering colleges have been 
increasing the amount of general educa- 
tion in the engineering program. That is, 
the amount of technical study has been 
diminished to a certain extent to make 
room for the general education that we all 
regard as important. However, it is inter- 
esting to observe that essentially the same 
thing has been happening on the high 
school level. I believe that I see consider- 
able duplication of effort and a complete 
lack of synthesis in the field of general 


Continued on page 202 
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The concept of a literal number symbol 


MAX BEBERMAN, Associate Professor of Education, 

Florida State University, Tallahassee, Florida, and 

BRUCE E. MESERVE, Associate Professor of Mathematics, 

State Teachers College, Montclair, New Jersey. 

The time has certainly come to consider those experiences which will 
develop the concept of variable and function. It will not do to rely on words. 


THIS PAPER IS CONCERNED with a concept, 
an idea—a part of the theory from which 
our mathematical procedures and rules are 
derived. The concept of a literal number 
symbol is one of the keystones of high 
school algebra. An understanding of this 
concept can bring meaning and signifi- 
cance to many other concepts of algebra, 
to applications of algebraic concepts, and 
to many of the manipulative skills of alge- 
bra. Thus any teacher who wants to make 
algebra meaningful to his students must 
have a clear concept of a literal number 
symbol. Even though meanings are en- 
riched by experiences with practical appli- 
cations of concepts, the teacher’s under- 
standing, and the student’s understand- 
ing, are seriously impoverished without 
some insights into the theory. 

In this paper we are suggesting a proce- 
dure for developing the concept of a literal 
number symbol. In a sense we use the pro- 
cedure to emphasize the theory underlying 
the concept. Then we show how a graphical 
device—the number line—can be used to 
relate the concept of a literal number sym- 
bol to the concepts of equations, inequali- 
ties, and other statements involving 
numbers. We do not expect students to 
solve difficult equations and inequalities 
as an immediate result of the experiences 
described herein. The purpose of such ex- 
periences is to give the students a clear, 
basic understanding of equations and 
literal number symbols. Manipulative skill 


and still deeper understanding will come 
from additional experiences and applica- 
tions.! 


SETs OF NUMBERS 


The notion of a set of objects is a 
familiar one to students. We have all used 
such expressions as ‘‘a set of books,” ‘a 
set of chessmen,’”’ and “a set of silver- 
ware.”’ Similarly, we may talk about “a 
set of numbers,” “the set of all positive 
integers,’ or “the set of points on the 
number line.’’ Each object in a set is 
called a member or an element of the set. 
Thus a spoon is a member of a set of 
silverware; seventeen is a member of the 
set of all positive integers. 

Think of a set of silverware consisting 
of a fork, a knife, and two spoons. A state- 
ment about “a piece of silverware’ may 
refer to each and every member of the set 
or to only a part of the set. For example, 
we may say 

(1) A piece of silverware should be 

cleaned promptly after it is used, 
and 


1 The ideas and procedures in this article are based 
upon the experiences of the authors as members (1951-— 
54) of the University of Illinois Committee on Sec- 
ondary School Mathematics (UICSSM). The co- 
operation of the other members of the committee 
(Messrs. Babb, Nichols, Page, Pingry, and Stegmeir) 
in these experiences is hereby acknowledged. The 
point of view of the committee is evidenced in the 
recent multilithed revision of its ninth-year textbook 
entitled High School Mathematics—First Course (Ur- 
bana, Illinois: The Committee, University High 
School, 1954). 
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(2) A piece of silverware should be used 
in eating soup. 


We can assume that the first statement is 
true for each and every member of the set, 
whereas the second statement refers to one 
of the spoons. We may think of the two 
spoons as a subset of the original set of 
silverware. Since the original set consists 
of more than the spoons, we call the set of 
spoons a proper subset. 

Now consider the following statements 
in regard to the set of all integers: 


(1) The product of an integer and zero 
is zero, and 

(2) The square of an integer is less than 
twenty-five. 


Again, the first statement is true for each 
and every integer while the second state- 
ment is true for each and every member of 
a proper subset of the set of all integers. 
For our purposes the important aspects of 
each of the above four statements are that 
an assertion is made about a particular 
member of a set without specifying the 
member, and that this assertion may be 
true for all members of the set or for some 
members of the set. 


LITERAL NUMBER SYMBOLS 


The process of making an assertion 
about an unspecified member of a set is 
facilitated by the use of appropriate sym- 


bols. We use symbols such as “7,” 
“«_ 3.5,” and “65%” to stand for specified 
members of sets of numbers. Letter sym- 
bols such as “K,”’ “‘z,”’ and “p”’ can be used 
to represent non-specified members of sets 
of numbers. When letter symbols are used 
in this manner, they are called literal num- 
ber symbols.2 Numbers like 5 and 33 are 
often called specific numbers; numbers 
like x and K are often called literal num- 


bers. 


2 Letter symbols can also be used to represent 
specified numbers. For example, the letters ‘‘7,’’ ‘‘e,”’ 
and “i” are symbols for specified numbers just as are 
the symbols “9” and ‘\/2.” By convention such let- 
ters are considered as symbols for specified numbers 
rather than as literal number symbols. 


If x, y, and z are members of the set of 
real numbers, we may consider statements 
such as 
(xy)z=ax(yz), 
ry =y2, 


zt+y=2t+yt1. 


t+y=yt2, 
z+1>7, 
z+1=z, 


Note that some of the above statements 
are true for every member of the set of real 
numbers and that other statements are 
true for every member of a proper subset 
of the given set. In particular, some state- 
ments are not true for any member of the 
given set (that is, some statements are 
true for only the empty or null subset). 
For example, the statement “z+y=y+2” 
is true for any real numbers z and y; the 
statement ‘‘x+1>7” is true for the subset 
composed of all real numbers greater than 
6; and the statement “x+1=~2”’ does not 
hold for any real number z. 

Students can be asked to volunteer 
statements such as the above and to make 
judgments regarding their validity with 
reference to the given set. Such judgments 
can be made only on an intuitive basis. 
Students are not disturbed by the use of 
intuition and teachers can hardly expect 
more at this stage of maturity. The impor- 
tant consideration here is that the student 
is undergoing a variety of experiences with 
literal number symbols. He comes to 
recognize the literal number symbol as 
representing an unspecified member of a 
set. Students can also be asked to “‘trans- 
late’ verbal expressions into “mathe- 
matical’ expressions by using literal num- . 
ber symbols. This type of exercise is very 
common in elementary algebra classes. We 
suggest that such exercises also include 
‘Sdentities,”’ inequalities, and other state- 
ments about numbers which are false for 
all members of the given set. For example, 
at the ninth-year level the statement 


“the square of a number is equal to the 
square of the negative of the number” 


holds for all numbers (is an identity) 
whereas the statement 
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“the square of a number is seven less 
than five” 


does not hold for any (real) number. 


BACKGROUND FOR THE FUNCTION 
CONCEPT 


Another appropriate kind of preliminary 
exercise provides excellent background 
experience for more systematic and de- 
tailed work with the function concept. 
Several illustrations will indicate this po- 
tential. 

(1) If z may be any member of the set [1, 2, 3, 
4, 5], then is it true that the sum +2 may 
be any member of the set [3, 4, 5, 6, 7]? 

(2) If the product 2z may be any member of the 
set of even numbers, then of what set can x 
be any member? 


If z and y may be any members of the set of , 


numbers [0, 1, 2, 3, - - - ], can the sum z+ y 
be any member of the same set? Can the prod- 
uct zXy be any member of the same set? 
Can the difference x —y be any member of 
the same set? Can the quotient z+y be any 
member of the same set? 


The concepts of domain of a variable 
and range of a function are readily de- 
veloped by means of exercises like the 
above. (However, nothing of great value 
appears to be gained by using terms like 
“domain,” “range,” “variable,” and 
“function” at the early stage at which the 
above concepts are first introduced.) Illus- 
tration (3) is laden with possibilities re- 
garding the closure concept. 

Bright students are stimulated by the 
implications of questions such as the fol- 
lowing: 

(4) If z may be any member of the set [1, 2, 3], 
then the product 2z can be any member of 
the set [2, 4, 6]. The sets [1, 2, 3] and [2, 4, 6] 
contain the same number of members. Simi- 
larly, if may be any member of the set 
[{1, 2, 3, +--+], then the product 2z can be 
any member of the set [2, 4, 6,---]. Do 
the sets [{1, 2, 3,---] and [2, 4, 6,---] 
contain the same number of members? 

If z may be any member of the set [1, 2, 
3, -++], how many members are there in 
the set of which the difference x—z can be 
any member? 

If x may be any member of the set [1, —1, 
2, —2, 3, —3], how many members are 
there in the set of which z? can be any mem- 
ber? What is the relation between the num- 
bers of members in the sets? Does this rela- 


tion hold when. z may be any member of the 
set (1, ov l, 2, —2, 3, 2, 4, +4, 5, —5]? Of 
the set [1, —1, 2, —2, 3, —3,--- ]? 


Imaginative students enjoy speculating 
about the concepts of infinite set and of 
multivalued function involved in the 
above illustrations. Again, an insistence 
upon technical terminology serves no con- 
structive purpose at this stage of develop- 
ment; indeed, it may have a negative 
effect. 


THE NUMBER LINE 


Statements about numbers can be 
treated in an interesting manner when the 
statements are interpreted geometrically. 
The number line (Fig. 1) is an excellent 
visual device for this purpose. In the dis- 
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Figure 1 


cussion which follows we assume that stu- 
dents are familiar with signed numbers 
and zero, with the symbols 


>; i <, =; -F ¥, 


and with the symbol for “‘absolute value.’”* 

Students readily accept on an intuitive 
basis the idea of the one-to-one corre- 
spondence between the set of real numbers 
and the set of all points on the number 
line. They agree that each member of the 
set of real numbers is the coordinate of a 
unique point on the number line, and that 
each point on the number line is the graph 
of a unique real number. Any specified real 
number is the coordinate of a particular 
(specified) point on the line. If a number z 
may be any real number, then the point 
with coordinate xz may be any point on the 
number line. 

The student is now ready to use the 
number line in discussing geometric inter- 


3 The number line is studied in the first unit of the 
ninth-year textbook (op. cit.) used at the University 
of Illinois High School. The procedures described in 
the present section can be adapted for use with stu- 
dents who have not studied signed numbers. The 
symbols may be easily defined when needed. 
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pretations of statements involving literal 
number symbols. The discussion is facili- 
tated by assigning letter names as well as 
coordinates to some of the points. (See 
Fig. 2. Students recognize that only a por- 
tion of the number line can be depicted 





and that the line extends indefinitely in 
both directions.) Given any statement, 
the student is to describe a set of points 
(a “locus’”’) with the following character- 
istics: (a) each member of the set has a 
coordinate which makes the given state- 
ment a true statement, and (b) the set 
contains all such points. Intuition, again, 
is the student’s primary arbiter in judging 
the acceptability of his responses. In 
effect, the student is asked to describe sets 
of real numbers (the total set, proper sub- 
sets, or the null set) for which given state- 
ments are true. What purpose does the 
number line serve? We can best illustrate 
the value of the number line by describing 
a teaching situation involving a typical 
exercise. 


Exercise. Describe the set of points with 
coordinate x such that z?>16. 


Suppose a student responds, “These are 
the points on the right of K.”’ (See Fig. 2.) 
The teacher may indicate this region on 
the number line by appropriate shading or 
cross-hatching and proceed somewhat as 
follows. 

“Now we must verify this statement. 
Let’s select a point from this set, say point 
M. Does its coordinate make ‘z?>16’ a 
true statement? It does. Try another 
point.... Do you think every point in 
this set will work?... (Yes.) Now, do 
we have all the points which will work? 
Let’s try some points which are not in 
Bill’s set. Try J.... (No, its coordinate 
doesn’t make ‘z?>16’ a true statement.) 


Try D.... (No.) Try B....(Ah, B 
works.) Try A.... (It works, too.) Do 
you think that all points on the left of B 
will work? .. . (Yes.) Now try C.... (It 
doesn’t work.) How about a point between 
C and B, say the one whose coordinate is 
—4}?... (It does work.) Now then, who 
can describe the set containing all the 
points, and only those points, whose co- 
ordinates make ‘z?> 16’ a true statement? 
... (All the points on the right of K and 
all the points on the left of C.) Do you 
see that Bill’s set contained some of the 
points but not all of them?” 
The number line serves the same pur- 
pose for the student in elementary alge- 
bra as number scales serve for children in 
grade school. We have « graphic device 
which gives us a picture of the real num- 
bers in order. Such a picture permits a 
systematic investigation and verification 
of statements involving real numbers. 
Most students need the assistance of this 
concrete device. 
The following statements indicate the 
great variety of exercises that may be con- 
sidered using this approach. 
2. 2>2 

. r-1<3 

. l—zr>3 

. |z|>4 

. t+1=1+2 

|x| >0 

. £22 

. 2>25 

. (x—2)?>0 

- 2=2T 

- 2>2+1 

- 5< 2 <6 

. 5>2<6 

.1<|2| <2 

. 2x is an odd number 
2. 3x is an integer 

- FSF} 


. |z+2| =|2| +2 


. £+1=3 
.2<-3 
5. x—-1>3 
. lal =4 
. |z| <4 
. 2+2=22 
|x| <0 
. 243 
. (x—2)?=0 
9. |x—2|>0 
.2r2+r=1 
. 2<rt+l 
25. 5<2>6 
. §>2>6 
29. 22 is an even number 
. z is not an integer 
. 6z is not an integer 
. 2+2=(2+2 
. |2+2| <|2| +2 38. | 2z| =2|2| 
. | —22| =2|2| .a=—4 
. (x+1)?=2?+1 42. \/2°+4=24+2 


The converse type exercise is also inter- 
esting. For example, the student might be 
asked to make a statement that is true 
only for the integers 1 and —1, or to make 
a statement that is true only for the real 


The concept of a literal number symbol 201 





numbers between —2 and 2. Such exer- 
cises encourage the student to discover 
that answers are not unique and thus to 
develop the idea of equivalent statements. 

The reader will recognize that the possi- 
bilities for mere mechanical performance 
in the above exercises are exceedingly re- 
mote. Certainly this is a desirable feature. 
Students usually spend a short period of 
time in informal work developing mean- 
ings for a concept and then build mechani- 
cal skill based on the concept. Too often 
the period of concept development is too 
short to permit the acquisition of basic 
meanings. Since mechanical performances 
do not require constant recourse to mean- 
ings, the learners need an assimilation 
period in which they can spend sufficient 
time with a concept and in which they 
are provided with practice consciously 
designed to bring meaning to the concept. 


CONCLUSION 


The purpose of this paper was twofold. 
We endeavored to present a theoretical 
description of the role of the literal num- 
ber symbol. We defined a literal number 
symbol as a letter which represents an 
unspecified member of a set of numbers. 
We demonstrated the usefulness of this 
symbol in making statements about num- 
bers, and indicated that its usefulness is 
based upon its non-specifying character. 
Thus a statement can be made without 


“immediate” knowledge of its truth. To 
say that a statement involving a non- 
specified number is true means that you 
have found a subset of the real numbers 
such that when each member of this sub- 
set replaces the non-specified number in 
the statement, the resulting assertion is a 
true one. “Conditional equations’ and 
“identities” are thus seen to be only two 
kinds of statements about numbers; “‘solv- 
ing an equation”’ is a process of finding the 
desired subset. We feel that all teachers of 
algebra need to have a theoretical under- 
standing of the role of the literal number 
sy:nbL ol in order to be able to provide those 
experiences which will result in a meaning- 
ful concept for their students. 

Our second purpose was to illustrate the 
kinds of experience that help students ac- 
quire understanding. Students will develop 
a meaningful concept of the literal num- 
ber symbol as a symbol for an unspecified 
member of a clearly defined set by actu- 
ally constructing such sets as in the “func- 
tion concept”’ illustrations. Students will 
increase their understanding of the con- 
cept of an unspecified number (and de- 
velop a sound concept of the equation) 
by considering a great variety of number 
statements and determining the conditions 
under which each is true. Students will 
also gain understanding of these concepts 
through experiences with formulas, the 
number line, and other applications. 





Some educational problems 


Continued from page 197 


education as it is handled upon the high 
school level and then on the college level. I 
strongly suspect, and this may be heresy, 
that a complete review of the total high 
school-college program might reveal some 
opportunity for now reversing to a certain 
extent some of the trends of the last two 


decades and thereby introducing some 
additional technical study. This comment 
emphasizes again that our problem is 
essentially one of high school-college ar- 
ticulation. The problems must be faced ob- 
jectively in conferences by educators from 
both high school and college. 
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Take a number 


L. M. WEINER, DePaul University, Chicago, Illinois. 
A little spice to whet the appetite of the algebra class. 


IT Is THE PURPOSE Of this article to call to 
your attention a device which is quite old 
but one which I have nevertheless found 
very useful in teaching how to simplify 
an algebraic expression and how to solve 
a linear equation. The method consists of 
a mind-reading trick. The instructor asks 
the members of the class to choose a num- 
ber. ““Now,”’ he says, “In most mind-read- 
ing tricks, the performer tells you what to 
do to your number. I am going to let you 
do whatever you want to your number. 
However, you must tell me what it is you 
are doing.”’ 

He then proceeds to call upon members 
of the class to suggest arithmetical opera- 
tions for them to apply to their number. 
After several people have made sugges- 
tions, he says, “Let me get in on this 
also.’’ The instructor then dictates several 
more operations for the class to perform 
and then announces to them what their 
number is. 

The most instructive part of this comes 
in explaining to the class how the final 
number is determined. Let us see how this 
is done. When the class first chooses a 
number, the instructor is of course in the 
dark as to what this number is. He there- 
fore employs one of the fundamental con- 
cepts of algebra. ‘‘When we wish to per- 
form calculations with a numerical quan- 
tity whose value is unknown to us, we 
write down the symbol z for this quantity 
and proceed to work with it as if its value 
were known.” 

Having written down the symbol z, he 
then proceeds to apply to it the operations 
suggested by the members of the class. 
For example, if the operations mentioned 


are add 4, divide by 2, multiply by 3, add 
6, divide by 4, and subtract 5, the expres- 
sions written down are z, +4, (4+4)/2, 
(3a+12)/2, (83a+24)/2, (8%+24)/8, and 
(32—-16)/8 respectively. At this point the 
instructor takes over. His purpose is to 
simplify the final expression to the form 
ax. He says therefore, ‘“Multiply by 8 and 
add 16.’’ This leaves 3z, so his final instruc- 
tions are, “Divide by the number you 
started with,’’ and he then knows that 
each member of the class should have the 
result 3 at this point, provided he carried 
out the computations correctly. 

Aside from the recreational aspects of 
this problem, it seems to give the student 
a certain insight into the need for simplify- 
ing algebraic expressions. After all, an 
equation is nothing more than two alge- 
braic expressions separated by a sign of 
equality. The objective is to simplify the 
equation, if possible, to the form z=a, 
keeping in mind of course that an equation 
is analogous to a scale in balance in that 
whatever one does to one side, he must do 
also to the other side if he wishes to main- 
tain the balance. Here, the student is 
working only on one arm of the scale, so 
to speak, whereas, in solving equations he 
must keep both sides in balance. 

The students are usually anxious to try 
this trick on their friends, and in so doing, 
they are forced to manipulate the alge- 
braic expressions involved. Thus the prob- 
lem provides some pleasant homework for 
them. There are many variations of this 
scheme which may be utilized in the class- 
room, and with a bit of careful planning, 
the individual teacher may devise these 
for himself. 
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Mathematics and general education 


LYLE J. D1xoON, Arkansas State College, State College, Arkansas. 
What criteria should be considered in developing a mathematics 
course for general education purposes? The author lists 

a few and discusses types of general education courses. 


DURING THE PAST DECADE we have wit- 
nessed in our colleges and universities a 
changing program of general education. 
Many of us have been directly affected by 
this ‘“‘new’’ educational philosophy. In 
discussions and correspondence with fellow 
mathematics teachers one learns that 
much time is, and has been, spent in dis- 
cussiéns of this topic at faculty meetings, 
organizational meetings, and informal 
sessions over coffee. The literature con- 
tains many references to general educa- 
tion, its processes, its advantages, its 
weaknesses, evaluation of programs of 
general education, and many of the other 
aspects of this educational movement. One 
thing is noted in all of these various refer- 
ences; that is, there are almost as many 
meanings of general education as there 
are individuals who are concerned with it. 
There are many definitions. However, a 
broad description of general education 
includes the emphasis on a common body 
of knowledge which is necessary for effec- 
tive living in our present society. 

Two things seem to stand out in most 
programs of general education. First, the 
program is done up in “package form.” 
The form ranges from a distributional pat- 
tern, with courses selected by the student 
from various specified areas, to a rigid re- 
quirement of specific courses for gradua- 
tion. The form is, and should be, the 
choice of the individual college and uni- 
versity. In some cases it is noted that the 
selection of the form influences the effec- 
tiveness of the program. It might also be 
noted that most colleges and universities 


which have a program of some kind have 
the major portion of their work in general 
education courses in the freshman and 
sophomore years. Some schools devote the 
first two years entirely to general educa- 
tion. It appears that a program might be 
more successful if it were distributed over 
the full four years with a little more em- 
phasis on general education during the 
first two years than in the last two years. 
This permits a student to do a little in- 
vestigating in areas in which he has inter- 
est and allows time for some specialization 
early in the college career. 

Second, the programs seem to be 
weighted in favor of the social sciences. 
This may be due, in part, to the emphasis 
upon human needs. Educators are inclined 
to feel that human needs are far more im- 
portant than in the other areas. Emphasis 
on ability to communicate effectively, 
knowledge of social institutions and their 
functions, acquaintance with art, music 
and literature, and, to a certain extent, 
understanding of economic conditions 
overshadows any program in the sciences 
and in mathematics. 

Those institutions which have respect- 
able programs in science often relegate 
mathematics to the cellar position of a 
tool. All of us are aware of this fact and 
are inclined to criticize others for letting 
this situation exist. How much of this is 
our own fault and not the fault of some- 
one else? We do not have an inferior 
product, educationally speaking; we are 
just poor salesmen. Too few in the mathe- 
matics profession have taken the time to 
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examine fully and completely the role of 
mathematics in general education. We 
have, so to speak, been too busy com- 
plaining (mostly privately) to assume any 
leadership and offer constructive programs 
in mathematics and science. 

Perhaps these are harsh words to put 
before the profession of mathematics 
teachers, but I firmly believe there is 
ample evidence to warrant these words. 
E. A. Cameron! made the statement that 
“In institutions which have inaugurated 
‘general education’ courses in the hu- 
manities, the social sciences, or the natural 
sciences, with but a single exception 
mathematics has no place in any of these 
courses. Indeed, in some institutions which 
have had the longest experience with such 
courses the mathematical needs of only 
those students who follow certain special 
curricula are seriously considered. This 
suggests that some mathematics departments 
are not especially concerned with the contri- 
bution their subject might make to a liberal 
education or else feel that this contribution 
ts automatically provided by the usual intro- 
ductory courses’ (not italicized in the 
original). 

If we believe in mathematics and what 
it has to offer, we must strive to balance 
the general education program and in- 
clude in the pattern of courses a type of 
mathematics course which will make the 
best possible mathematical contribution 
in developing intelligent college students. 

After one becomes aware of the need for 
such a course in mathematics for the 
general education program, the question 
arises, ‘What is it we would like to ac- 
complish in this new course?” In other 
words, what are the objectives? One be- 
comes cautious at the mention of the word, 
objectives. These are often statements 
formulated to provide a reason for what 
one is doing. Besides, the journals are full 
of many statements regarding objectives 


1. A. Cameron, “Some Observations on Under- 
graduate Mathematics in American Colleges and 
Universities,’”’ American Mathematical Monthly, Vol. 
60 (1953), pp. 151-55. 


for courses in mathematics for general 
education. One should note that any ob- 
jectives which might be thought desirable 
must be in harmony with and supplement 
the objectives of the individual institution 
in which the course is being developed. 

I do not intend to offer a new formula- 
tion on objectives. My experience has in- 
duced me to believe that the fundamental 
objective of such a course is the develop- 
ment of mathematics as a way of thinking. 
This seems to be in harmony with most 
lists of objectives that may have been 
formulated. If one attempts to do this in 
a course, several “by-products” are, of 
necessity, produced. These are often con- 
sidered as the intermediate objectives. 
Among these “by-products”’ one will find 
an understanding of the nature and signifi- 
cance of mathematics. Fundamental proc- 
esses can be developed along the way. 
Skills and techniques become a means to 
achieve the objective and not the objec- 
tive itself. Logical processes receive proper 
attention and the relation of mathematics 
to all other areas of human endeavor be- 
comes @ must. 

This statement of belief may be logi- 
cally equivalent to other more extensive 
formulations of objectives. Many teachers 
probably have lists of objectives which 
indicate the direction they would like to 
go much better than this brief statement. 

We could list objectives by the hour and 
accomplish only one or two things. We 
would have an idea of where we would 
like to go, educationally speaking, if an 
argument did not destroy our common 
efforts on this question. What is more im- 
portant, and this is where each of us has 
his or her own ideas, is how we go about 
achieving these objectives. 

Several factors seem to influence what 
we choose in the way of content. Besides 
the local and geographical aspects which 
are ever present about an institution, the 
type of student enrolled in the college or 
university will influence the approach any 
given department might take. Other re- 
lated factors must also be taken into 
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account in the development of any course. 
What is more important in this discussion 
are the factors which bear directly on the 
question of mathematics and general edu- 
cation. There is a growing feeling of dis- 
satisfaction in the traditional program of 
mathematics and its inadequate contribu- 
tions to general education. There are many 
indications that this feeling is justified, 
but teachers, and it seems particularly 
true of mathematics teachers, are reluc- 
tant to change. 

Courses should be continually revised 
and improved. A recent book advertise- 
ment that came to my desk emphasized 
the lack of change in the fourth edition as 
compared with the first. This kind of 
philosophy is not conducive to an evolving 
program of mathematics and is not condu- 
cive to the development of the type of 
mathematics needed for a general educa- 
tion program. 

One should also be aware that a mathe- 
matics course designed for general educa- 
tion must have real mathematics as its 
core. Courses in which one talks about 
mathematics do not insure that the de- 
sired objectives will be achieved. It has 
been noted many times that one does not 
learn what mathematics is like by talking 
about it. On the other hand, too much 
emphasis on skills and techniques will also 
destroy the effectiveness of a course in 
mathematics. Techniques are necessary, 
but they must be in the right proportion. 

Individual factors within a given college 
or university will also influence the kind of 
content within a given course. This indi- 
viduality is often the source of many 
over-all improvements in the teaching of 
mathematics. 

One finds a variety of mathematics 
courses for a general education program. 
“Variety is the spice of life’ seems to apply 
here. ‘“There is more than one way to skin 
a cat’’ also seems to apply. The different 
approaches that have been used to achieve 
the objectives show that it is possible for 
programs to differ greatly in terms of con- 
tent and yet equally satisfy the job of 
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filling a role in general education. It is 
possible to observe at least five types of 
courses which are, or have been, used as a 
part of a general education program. 

First, traditional courses of algebra, 
trigonometry and, sometimes, analytics 
and calculus are open to students in the 
mathematics area. It seems that tradi- 
tional courses are used more in those col- 
leges and universities which have a distri- 
butional plan where the student must se- 
lect some course in a given area. Serious 
questions have been asked concerning the 
effectiveness of this type of approach. Can 
a course, say in college algebra or trigo- 
nometry, be both a technical preparation 
for future work and an effective contribu- 
tion to general education? There have 
been many arguments on this question and 
it can be fairly certain that the debate is 
not over. 

Some colleges and universities have re- 
vised their traditional programs and now 
have a series of unified courses. This sec- 
ond type of course contains much the same 
material, but it is presented in a manner 
which will unify and build mathematics 
as it really is. I have yet to hear a com- 
plaint about the effectiveness of such 
courses. It is a case of improved teaching 
methods and curriculum construction. The 
effectiveness of the unified courses from 
the general education standpoint §sur- 
passes the effectiveness of the traditional 
courses. Yet we seem to be too busy de- 
veloping techniques to place much empha- 
sis upon what mathematics is and the 
philosophy behind mathematics. The suc- 
cess of the unified course depends upon the 
teacher and his ability to unify the many 
so-called branches of mathematics. 

A third type is often referred to as a 
“cultural”? course in mathematics. This is 
the general description of what might 
occur when one talks about mathematics. 
This type does not appear to be too suc- 
cessful and there is a strong belief in many 
quarters that it is not even mathematics. 
It seems that the central theme of such 
courses is the development of mathematics 
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and its relation to the development of 
civilization; as a history of mathematics it 
often surpasses the traditional course in 
its historical evolution. Many schools 
have tried this sort of approach and have 
dropped it. The main reason seems to be 
the lack of success with the course. 
Whether this failure is caused by a lack of 
sympathetic instructors, or other factors, 
one can never be sure. 

A fourth approach to the question is 
found in what might be called “technique” 
courses. These courses emphasize the 
practical aspects of mathematics, such as 
business mathematics, agriculture mathe- 
matics, vocational mathematics, ete. 
Mathematics itself is spread pretty thin. It 
appears that these courses have missed the 
main objective; that is, that mathematics 
is a way of thinking and not simply a 
tool. The “‘tool’’ aspect is important, for 
we want people to use mathematics. It 
has much to offer. But to say that mathe- 
matics is merely a tool is a gross in- 
justice against mathematics and against 
every student. Unfortunately the em- 
phasis in secondary schools has, in the 
immediate past, been in this direction 
and some schools still insist on this em- 
phasis. 

A passing note might be made that types 
2, 3, and 4 often appear under the broad 
title of general mathematics (a term 
soundly over-worked). 

E. A. Cameron? gives a brief description 
of the fifth approach when he says, “The 
type of course which offers most promise 
of substantial contribution to a general 
education is not adequately described by 
mere listing of topics covered. The spirit 
in which the subject is treated is of the 
greatest importance. An understanding of 
the nature and significance of mathe- 
matics is sought through an emphasis on 
the basic concepts, the logical processes 
used in developing the subject, and the 
relation of the discipline to other fields 
through a consideration of its origins and 
its applications.’’ This approach seems to 


2 [bid., p. 154. 


be a presentation of mathematics as it 
really is and has a strong core of mathe- 
matics for its center. It is, in most cases, 
quite unlike traditional courses. The ap- 
proach is still in its infancy. Many aspects 
have yet to be considered and the effec- 
tiveness of this type of course has not as 
yet been measured. Those teachers who 
have taught such a course seem convinced 
it has immense possibilities, more so than 
any other attempt at teaching mathe- 
matics for general education. 

Unfortunately, there are too few texts 
available which can be used for this type 
of course, and it is difficult to prepare ma- 
terial which can be used. The instructors 
are usually burdened with a teaching load 
and other duties which prevent a concen- 
trated attempt at preparing outlines and 
material for such courses. Many of our 
mathematical leaders who could make val- 
uable contributions are too busy with re- 
search and other activities to devote time 
to such things as this. 

The thing which seems to make this 
last approach so successful is the “new- 
ness’ of the approach itself. Those insti- 
tutions which have had success with the 
courses have used staff members who 
possess a philosophy which is in harmony 
with the purposes of general education. 
The course outlines themselves reflect 
something ‘‘new,”’ something invigorating. 
For example, an outline of a course at a 
certain midwestern college shows that the 
content is organized completely around 
the idea of logic. Another institution has 
used mathematics as a language, as the 
central theme. It is not uncommon to see 
discussions of groups, algebra of logic, and 
other topics from modern mathematics as 
topics of discussion in these courses. The 
writer has achieved remarkable success 
with a course outlined around the concept 
of sets. 

From personal contacts it is easy to 
see that many are attempting to devise 
something which is along the pattern of 
this fifth approach. 

In conclusion, it might be well to note 
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some fundamental principles in the con- 
struction of a mathematics course for 
general education. 

The course: 

1. Must be mathematical in character, 
not simply a discussion of what mathe- 
matics is about; 

2. Must be based upon the conditions 
which are found within the given school 
(it is almost impossible to borrow a course 
from another institution and achieve suc- 
cess with it) ; 

3. Must be based upon sound objec- 
tives, objectives which are the outgrowth 
of a serious study of what the over-all pro- 
gram should achieve; 


4. Must be developed by the people who 
are going to teach it; and 

5. Must be a development of mathe- 
matics for a modern world. In this sense, 
the use of such things as mathematics as 
a language, logic, sets, functions, etc., as 
fundamental themes has resulted in 
courses that have been excellent examples 
of a modern mathematics. 

It seems almost certain that a course 
constructed upon these fundamental prin- 
ciples will survive and provide an ap- 
proach whereby the typical college stu- 
dent can gain an insight into and a partial 
understanding of the vast realm of mathe- 
matics. 





A note on teaching percentage 


Percentage continues to be one of the main 
trouble spots in arithmetic, whether it be in the 
junior high school or in courses in shop mathe- 
matics or business arithmetic in the senior high 
school or college. There is overwhelming evi- 
dence to indicate that by and large, students do 
not attain assured mastery of percentage. In 
view of its extreme importance as an instrument 
for thinking about and dealing with common- 
place matters, however, it is important that 
they do so. As teachers we can hardly be com- 
placent about the situation as it is now. 

There seem to be several things that con- 
tribute to the confusion that is so prevalent with 
respect to percentage. The terminology that has 
come to be universally employed is itself con- 
fusing and unfortunate. In the identification of 
“ner cent” with “hundredths” the base number 
often is not mentioned, though neither of these 
concepts has meaning except as referred to some 
base. The further representation of, say, “37 per 
cent” or “37%” by the decimal fraction 0.37” 
fails to emphasize the clarifying idea that 0.37 
itself means 37 (0.01) and that the % symbol 
merely stands for the decimal fraction 0.01. 
These alternative representations of the same 


thing thus tend to add to the student’s confu- 
sion, especially when such expressions as 
“0.37%” are encountered. Experienced teachers 
will verify that students often fail to make any 
distinction in their minds between the expres- 
sions “37%” and “0.37%.”’ When the subject is 
taught by “cases,’”’ three explicit rules can in- 
deed be developed for the three explicit relations 
among the three elements involved, but these 
tend to become confused in the students’ minds, 
and students often have trouble determining 
‘which case this is.’’ Even the single over-all rule 
or formula base Xrate = percentage (or b-r =p) 
requires that the rate must be represented by a 
decimal fraction only, and not by use of the per 
cent sign, yet even this is seldom emphasized in 
the textbooks. 

These points that have been mentioned are 
simple but crucial, in that they represent foci of 
serious difficulties. Perhaps by focusing students’ 
attention upon them and by explaining and 
illustrating them with patience and care, teach- 
ers may be able to bring their students to 
clearer understanding of percentage and its ap- 
plications.—Charles H. Butler, Kalamazoo, 
Michigan 





“All the high hopes which I entertain of a 
more glorious future for the human race are 
built upon the elevation of the teacher’s pro- 
fession and the enlargement of the teacher’s 
usefulness.”—Horace Mann 
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Seminars—an integrating force 


in a program of concentration 


SISTER MARY CORONA, O.S.F., Cardinal Stritch College, 


Milwaukee, Wisconsin. 


In these days of changing mathematics courses and mathematical 
curriculums, it is good to see a description 
of an undergraduate program for mathematics majors. 


In 1946 the Curriculum Committee 
of Cardinal Stritch College inaugurated 
a pattern differing from the usual major- 
minor program of specialization adhered 
to in the past decade. A Plan of Concen- 
tration, similar to the form worked out 
at Princeton and Cambridge and gaining 
considerable recognition in colleges of the 
east, was adopted as the pattern for the 
Bachelor of Arts degree in the biology, 
English, history, and Latin departments. 

In a College Curriculum Workshop con- 
ducted at the Catholic University of 
America in 1947, a sequence of courses for 
these departments was established. Other 
phases of the program of concentration 
were worked out at the Workshop of Col- 
lege Administration and Organization, 
Catholic University of America, in 1947, 
1949, 1951 and 1952. 

Prior to 1950, the college offered a mini- 
mum of eighteen credits in the department 
of mathematics. In 1950 the department 
was requested to develop a full program of 
courses on a pattern of concentration. 

The first years under this program, 
though highly experimental, soon proved 
the concentration program a worthy re- 
placement of the old pattern. This pro- 
gram equipped the student with a broader 
knowledge and a fuller understanding of 
his field of concentration. 

The pattern of concentration as fol- 
lowed at the college (Table I) consists of 


Lower and Upper Division courses, each 
charged with specific objectives. The 
Lower Division courses offer a program of 
general education in the liberal arts. After 
the completion of these courses, the stu- 
dent should emerge with an adequate con- 
trol of the means of communication, a 
philosophy of life, and an academic prepa- 
ration necessary for concentration in a 
special field. Since students in the Lower 
Division have much in common with high 
school students, the educational experi- 
ence of the first two years of college is 
planned to be more akin to the program of 
the secondary school.' At present, all B.A. 
curriculums are organized according to 
this plan in the first two years while the 
last two years, or Upper Division, are more 
largely devoted to specialized fields of con- 
centration. 

In addition to the general aims of 
Cardinal Stritch College and the objec- 
tives to be achieved by the concentration 
program, the department of mathematics 
includes three particular aims: 


a. To furnish the students with mathe- 
matical tools as needed in the field of 
physics, chemistry, and statistical sci- 
ences offered in the steps of general edu- 
cation. 

. To offer the students a program of 


1 “Self-Evaluation Report,’ Cardinal Stritch 


College, Milwaukee, Wisconsin, p. 15. 
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LOWER DIVISION 


Freshman Year 


First Semester 

The Supernatural Man 

En 101. Composition and Lit. 

Hs 101. European Civilization 
__. Chemistry or Biology 

Mt 101. College Mathematics 

. French or German 

. Elective 


Th 101. 


| COKWrRWWe 


PE 


— 
“I 


Second Semester 
. The Supernatural Man 
. Composition and Lit. 
. European Civilization 
. Chemistry or Biology 
. College Mathematics 
. French or German 
. First Aid 


Th 
En 
Hs 
Mt 


PE 


| CWOWrRWWe 


_ 
~I 


Sophomore Year 


. The Supernatural Man 
. Survey of Western Lit. 
. Rational Psychology 

. General Physics 

. Differential Calculus 

. French or German 


= 
& | Orr WOR 


Th 
En 
Pl 

Py 
Mt 


. The Supernatural Man 
. Survey of Western Lit. 
. Logic 

. General Physics 

. Integral Calculus 

. French or German 


English Composition Examination 
Modern Foreign Language Examination 
Sophomore Rating Test 


UPPER DIVISION 


Junior Year 


. The Supernatural Man 
. Epistemology 

. Directed Reading 

. Advanced Calculus 

. Statistics 

. Elective 


| 


_ 
o 


The Supernatural Man 
Metaphysics 

Directed Reading 
Theory of Equations 
Statistics 

Elective 


Th 304. 
Pl 304. 
Mt 302. 
Mt 304. 
Mt 306. 


Senior Year 


The Supernatural Man 
Ethics 

Co-ordinating Seminar 
College Geometry 
Elective 

. Elective 


Th 403. 
Pl 403. 
Mt 401. 
Mt 403. 


| COwwnwe 


— 
o 


Th 404, 


Mt 402. 


The Supernatural Man 
Elective 
Co-ordinating Seminar 
Mt 404. Differential Equations 
—_____.. Elective 

. Elective 


Comprehensive Examination 
Graduate Record Examination 


teacher-preparatory training for the 
elementary and secondary schools. 

. To develop in the individual the ability 
to do sound, accurate thinking, and to 
form right judgments. 


With these objectives in mind, the fol- 
lowing requirements have been set up for 
the Lower Division courses: college mathe- 
matics, two semesters; differential calcu- 





lus and integral calculus, one semester 
each; and physics, two semesters. College 
mathematics, which includes college alge- 
bra, trigonometry, and analytical geome- 
try, is offered in the first year. The course 
in college mathematics is an excellent 
tool for chemistry, biology, physics, and 
history concentrators. Differential calcu- 
lus and integral calculus are offered in 
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the second year since they are found to 
be indispensable for higher courses in the 
physical, chemical, and statistical sciences. 
Physics, also a required course for concen- 
trators, gives the universal principles upon 
which the necessities and conveniences of 
life are built. Our present scientific age 
demands a knowledge of such physical 
principles. 

At the conclusion of the Lower Division 
courses the student is required to take the 
following terminal tests: the Sophomore 
Rating Test, the English Composition 
Examination, and the Modern Foreign 
Language Test. Remedial work is required 
if a specific norm is not achieved. 

Concentration in the Upper Division is 
comprised of the following courses: ad- 
vanced calculus, theory of equations, 
elementary and advanced mathematical 
statistics, college geometry, modern alge- 
bra, and differential equations. These sub- 
jects are eventually integrated in two 
courses offered in the junior and senior 
years: the Directed Reading and Co- 
ordinating Seminars. 

The Directed Reading Seminar is the 
basic feature in the first year of concentra- 
tion. As the title suggests, wide outside 
reading under direction of an advisor is 
recommended. The course allows for indi- 
vidual conferences as well as for group 
guidance and criticism. The main objec- 
tive, as in other departments, is to train 
the student to read for content, to cultivate 
the habit of forming judgments intelli- 
gently and objectively, and to develop the 
ability to organize logically the materials 
taken from very broad and involved fields. 
It is understood that the concentration 
program in the Reading Seminar is not a 
specialization in the graduate sense. The 
student is merely getting an experience 
which is a part—the most characteristic 
part—of what a liberal education demands 
in the light of the enormous reaches of 
present-day knowledge. Let it be under- 
stood, too, that the student is not engaged 
in adding to mankind’s knowledge; rather, 
he is engaged in acquiring more knowledge. 


The subject matter of the Directed 
Reading Seminar comprises the history of 
mathematics, the fundamental concepts, 
the philosophy of mathematics and some 
study of periodical literature. In the his- 
tory of mathematics, emphasis is placed on 
development of mathematics rather than 
on historical facts. Thus the present tend- 
ency of overspecialization is somewhat 
counteracted. The second semester is 
devoted to readings from current publica- 
tions and a study of fundamental concepts 
and philosophy of mathematics. 

Our senior concentrators participate in 
a Co-ordinating Seminar which elevates 
their concept of mathematics to an even 
higher level; namely, that of intellectual 
comprehension of the field as an organic 
whole and as a basis for scientific thinking 
and acting. Consequently, the last year of 
integral work requires a certain degree of 
intellectual maturity and a readiness to do 
independent thinking. Actual contact with 
the content of living mathematics is neces- 
sary. The Co-ordinating Seminar offers a 
deeper understanding of the subject mat- 
ter and demands concentrated effort. 

The Co-ordinating Seminar studies the 
structure of mathematics through the 
fields of algebra, geometry and analysis. 
The theory of numbers is used as an intro- 
ductory approach. This includes such top- 
ics as Number Systems; Properties of 
Numbers; Euclid’s Algorism; Prime Num- 
bers; Euler’s Factorization Method; Mer- 
senne and Fermat Primes; Aliquot Parts; 
Properties of Congruences; Residues; 
Analysis of Congruences; Linear Congru- 
ences; Simultaneous Congruences; and the 
Chinese Remainder Theorem. 

Some algebraic, theoretical and analyti- 
cal topics discussed and studied are 
Horner’s, Cardan’s, Ferrari’s, and New- 
ton’s Methods of Solving Equations; 
Envelopes; Evolutes; Involutes; Singular 
Solutions of Differential Equations; De- 
terminants; Matrices; Resultants, Dis- 
criminants, and Eliminants. 

The field of geometry may include Non- 
Euclidean Geometry, the Fifth Postulate; 
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Projection and Section; Ideal Elements; 
Principles of Duality; Simple and Com- 
plete Figures; Configuration of Desargues; 
Harmonic Ranges and Harmonic Pencils; 
Cross-Ratios and Harmonic Scales; Circle 
of Appollonius; Pascal and Brianchon 
Theorems. 

Worthy of note is the fact that after 
following such a program the student has 
an over-all picture of the various fields of 
knowledge which bear upon his area of 
concentration. 

A tentative reading list (see below) for 
both seminars was designed to aid the 
student in the enterprise of concentration. 


Honestly followed, it will prepare the indi- 
vidual adequately for the Comprehensive 
Examination, an important testing device 
at the termination of this program. Unless 
the student gives evidence of a deep and 
wide experience in his specialized subject 
with a degree of mastery that may be ex- 
pected of a college senior following a 
liberal arts program, he will be withheld 
from obtaining his degree. 

In the near future we hope to make a 
comparative study of the ratio of success 
exhibited between graduates of a major- 
minor program and those under our pro- 
gram of concentration. 


READING List FoR CONCENTRATORS IN MATHEMATICS 


Reading Seminar 


A. Required reading in: 

Bell, E. T., The Development of Mathematics, 
McGraw-Hill, New York, 1945 

Cajori, F., A History of Mathematics, Mac- 
millan, New York, 1919 

Courant, R. and Robbins, H., What Is 
Mathematics? Oxferd University Press, 
New York, 1941 

Young, J. W., Fundamental Concepts of Al- 
gebra and Geometry, Macmillan, New 
York, 1923 


. Supplementary reading in history: 

Ball, W. W., A Short History of Mathematics, 
Macmillan, New York, 1927 

Ball, W. W., A Short Account of the History 
of Mathematics, Macmillan, New York, 
1922 

Cajori, F., A History of Elementary Mathe- 
matics, Macmillan, New York, 1919 

Sanford, Vera, A Short History of Mathe- 
matics, Houghton- Mifflin, Chicago, 1930 

Smith, D. E., History of Mathematics, Ginn, 
Chicago, 1923 

Smith, D. E., History of Mathematics in 
America Before 1900, Open Court, Chi- 
cago, Illinois, 1934 


’. Supplementary reading in the nature of 

mathematics: 

Dantzig, Number, The Language of Science, 
Macmillan, New York, 1939 

Kerschner- Wilcox, The Anatomy of Mathe- 
matics, Ronald, New York, 1949 

Keyser, C. J., Mathematical Philosophy, Dut- 
ton, New York, 1922 

Maziarz, E., The Philosophy of Mathematics, 
Philosophical Library, New York, 1950 


Co-ordinating Seminar 


. Several topics from each of the four branches 
are required: 
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I. Analysis 


Hardy, G. H., Pure Mathematics, University 
Press, Cambridge, 1939 (Chapters 1 and 
2) 

Ore, Oystein, Number Theory and Its His- 
tory, McGraw-Hill, New York, 1948 
(Chapters 1-13) 

Mathewson, Elementary Finite Groups, 
Houghton-Mifflin, Chicago, 1930 (Chap- 
ters 1, 2, 3, 4 and 5) 

Townsend, E. J., Functions of a Complex 
Variable, Henry Holt, New York, 1915 
(Chapters 1, 2 and 3) 

Uspensky and Heaslet, Elementary Number 
Theory, ‘McGraw-Hill, New York, 1939 
(Chapters 1-9) 


. Algebra 

Agnew, R. P., Differential Equations, Mc- 
Graw-Hill, New York, 1942 (Chapters 
1-7) 

Albert, A., Introduction to Algebraic Theo- 
ries, Chicago University Press, Chicago, 
1941 (Chapters 1, 2 and 3) 

Bernard, 8., and Child, J., Higher Algebra, 
Macmillan, New York, 1937 (Chapters 
31 and 32) 

Bocher, M., Introduction to Higher Algebra, 
Maemillan, New York, 1947 (Chapters 
1, 2, 3, 4 and 5) 

Brand, L., Vector and Tensor Analysis, 
John Wiley, New York, 1947 (Chapter 1) 

Burnside, W. and Panton, The Theory of 
Equations, Vol. 1, Hodges, Figgis, Dub- 
lin, 1928 (Chapter 11) 

Dickson, First Course in the Theory of Equa- 
tions, John Wiley, New York, 1922 
(Chapters 1-9) 

Taylor, J., Vector Analysis, Prentice-Hall, 
New York, 1939 (Chapter 1) 

Thomas, J. M., Theory of Equations, Mc- 
Graw-Hill, New York, 1928 (Chapters 
1, 2, 3 and 4) 


5 











Weiss, Marie, Higher Algebra, John Wiley, 
New York, 1949 (Chapters 1, 2, 3, 4, 5, 
6, 7 and 9) 


III. Geometry 


Dowling, L., Projective Geometry, McGraw- 
Hill, New York, 1917 (Chapters 1, 2, 3, 
4, 5, 6, 7 and 8) 

Johnson, R. H., Modern Geometry, Hough- 
ton-Mifflin, Boston, 1929 (Chapters 
1—12) 

Maxwell, E. H., Geometry for Advanced 
Pupils, Clarendon Press, Oxford, 1949 
(Chapters I, II, III) 

Veblen and Young, Projective Geometry, Ginn, 
Chicago, 1910 (Reference only) 


Winger, Projective Geometry, Heath, Chicago, 
1923 (Chapters 1-9) 

Winsor, A., Modern Higher Plane Geometry, 
Christopher, Boston, 1941 


’, Statistics and probability 

Bernard and Child, Higher Algebra, New 
York, 1936 (Chapter 32) 

Coolidge, J. L., Introduction to Mathemat- 
ical Probability, Oxford University Press, 
New York, 1925 (Chapters 1-3) 

Mode, E., Elements of Statistics, Prentice- 
Hall, New York, 1951 (Chapters XII 
and XIII) 

Yule, G. V., Introduction to the Theory of 
Statistics, Philadelphia, 1932 (Chapters 
1, 2, 6, 7, 8, 9 and 12) 





Words! words! words! 


One of the most astonishing phenomena in 
the field of mathematical education is the im- 
mense quantity of paper that has been used 
writing about the function concept, and the ap- 
parent failure of instructional materials and of 
some teachers to make use of what has been 
written. 

It is quite easy to find that ‘‘a variable is a 
quantity that varies.”’ It is not at all surprising 
to find that, in the words of some books on 
methods, “A function is a quantity which de- 
pends upon another quantity for its value.” 
Is it any wonder that high school pupils never 
find out—even faintly—how a mathematician 
uses the word function? These words say abso- 
lutely nothing. The concept of function is basic 
to the study of mathematics. However, it seems 
that it has not occurred to some that the above 
combination of meaningless words will never 
tell a high school student how the word function 
is used in mathematics. 

While it is not possible to develop an “or- 
dered number pair’ definition, or even repeat 
the more usual ‘one-to-one correspondence” 
definition, in this limited space, it is possible to 


point out that psychological considerations dic- 
tate that the immature high school student see, 
or experience, several instances in which the 
function concept is brought into play. These 
instances should be varied—more varied than 
is usually the case. Examples should be pre- 
sented in which the word ‘‘dependence,”’ in its 
popular sense, could not be used. For éxample, if 
x and y denote an arbitrary first member and 
second member, respectively, of the following 
pairs of numbers: (2, 3), (4, 5), (5.6, 9), and 
(1, 1), then y is a function of z and the set of 
number pairs is said to exhibit a function. Here 
is a very simple idea which can be developed 
through experience, but which can never be de- 
veloped by relying on words, particularly, if 
the words are of the kind: “quantities which de- 
pend upon one another.”” Words do not convey 
ideas if a certain background of experience is 
absent. 

If the teacher does not develop this experi- 
ential background carefully, instruction becomes 
a mere conglomeration of sounds; a memoriza- 
tion of WORDS, WORDS, WORDS.—Henry 


Van Engen 





“The name of the song is called ‘Haddocks’ 


Eyes’.” 

“Oh, that’s the name of the song, is it?” 
Alice said, trying to feel interested. 

“No, you don’t understand,” the Knight 
said, looking a little vexed. ‘““That’s what the 
name is called. The name really is, ‘The Aged 
Aged Man’.” 

“Then I ought to have said ‘That’s what the 


song is called’?” Alice corrected herself. 

“No, you oughtn’t: that’s quite another 
thing! The song is called ‘Ways and Means’: 
but that’s only what it’s called, you know!” 

“Well, what is the song, then?” said Alice, 
who was by this time completely bewildered. 

“IT was coming to that,” the Knight said. 
“The song really is ‘A-sitting On a Gate’: and 
the tune’s my own invention.’”’—Lewis Carroll 
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Mathematics—a language’ 


GEORGE R. SEIDEL, Research Supervisor of EH. I. duPont deNemours 
and Company, Wilmington, Delaware. From industry’s point of view, 

the readers of THE MATHEMATICS TEACHER are told about some 

of the primary responsibilities of the mathematics teacher. 

What does it take to train a student to reason clearly? 


SINCE NOTHING IS NEW under the sun, I am 
certain that what I have to tell you is far 
from novel. I do hope to say a few things 
that mathematics teachers will like to hear 
coming from an ex-math teacher and one 
now engaged in industrial chemical re- 
search. 

In the first place, you are members of 
one of the indispensable professions minis- 
tering to human needs. Most of you, I am 
sure, would give up teaching tomorrow if 
it weren’t for the personal satisfaction of 
working with youth and seeing the light 
of understanding dawn for the first time. 
Yours is a calling to be compared with the 
ministry and, together, the conscientious 
teacher, minister and parent mold the pat- 
tern of a better tomorrow. 

However, the role of the teacher, in 
some respects, is far different from what it 
used to be. America is bigger, stronger, 
more world-minded and more technically 
alert than it was a few short years ago. 
This calls for teachers who can take their 
places in civic affairs, church activities and 
societies which serve the common good. 
You may feel like crawling into a hole 
when the day is over, but this privilege is 
denied the teacher who takes his job seri- 
ously. 

But one thing that doesn’t change is 
that the teacher of today must really 
know his subject, a task becoming more 


1 Presented at the annual meeting of The National 
Council of Teachers of Mathematics, held in Cincin- 
nati, Ohio, April 21-24, 1954. 


214 The Mathematics Teacher 


and more difficult. Back home, I have been 
working with the high-school chemistry 
teachers of Wilmington. At a recent meet- 
ing I apologetically stated that we in in- 
dustry thought it was more important for 
a mathematics or chemistry teacher to 
know his subject than it was to be a 
learned pedagogue. In other words, the 
best methods of teaching only brought the 
best results if the teacher thoroughly knew 
algebra, trigonometry, geometry or what- 
ever else he was teaching. I noticed a 
definite reaction within the group, and 
after the meeting the teachers assured me 
that industry was mistaken if it believed 
that the teachers were not deeply con- 
cerned with knowing their subjects. In the 
first place, I was reminded that all teach- 
ers must be certified to teach a given sub- 
ject and beyond this most teachers keep 
up to date in one way or another. This 
merely proves again that you can’t believe 
everything you read. The restrained indig- 
nation of the teachers who heard my re- 
mark was reassuring to all of us because 
this is a matter of deep concern to America 
and thus to the world. 

Ours is a technological society to a de- 
gree that most laymen do not appreciate. 
Scientifically trained men and women are 
absolutely essential to almost every aspect 
of our life. Not only in schools, colleges 
and research laboratories are the scientists 
carrying the responsibility of the American 
way of life, but they are equally impor- 
tant in running our plants, selling the out- 
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put of industry, guiding the future of our 
national defense, prolonging our lives and 
curing our diseases and contributing im- 
measurably to the new basic inventions— 
as well as the gadgets—which everyone 
has taken for granted. All this calls for 
well-trained chemists, physicists, biolo- 
gists, physicians and teachers who can 
keep America many jumps ahead of our 
nearest competitors, be they enemy or 
friend. 

May I be so old-fashioned as to say 
that our present best or the most potent 
discovery of the future will come from men 
and women, boys and girls who are care- 
fully trained in the basic disciplines of 
reading, writing and arithmetic. Actually, 
there are two basic languages: (a) one’s 
mother tongue, and (b) mathematics. If 
these are mastered, an American can read, 
with understanding, anything that is 
written in English. Without mathematics, 
almost all the physical sciences are closed 
to him. 

Against this background there appears 
to be a minority of educators who are 
anxious to coin a catchy phrase around 


which they can win personal acclaim. 
Apparently it is easy to ridicule and diffi- 
cult to glamorize “reading, writing and 
arithmetic,’’ but very rewarding to cham- 
pion such phrases as “The Education of 
the Whole Child,” or “Life Adjustment 


Education.””’ Such phrases are either 
meaningless or so obvious that they are 
meaningless. 

In the chemical industry, we find that a 
college or university graduate who is well 
founded in the basic principles of chemis- 
try can soon master the details of any as- 
signment. If his program or job is changed, 
the well-trained chemist can quickly fit 
into the new job with ease, understanding 
and competence. Even in this age of 
specialization, the basic laws of science 
are the same for the manufacture of gaso- 
line, synthetic fibers, rubber, dyestuffs, in- 
secticides, paint, lubricating oils, soil con- 
ditioners, etc. This is just another way of 
saying that modern chemistry is a science 


and no longer an art handed from master 
to apprentice. 

But the basic science upon which all sci- 
ences are built is mathematics. The physi- 
cist and chemist use the same calculus, the 
civil engineer and navigator use the same 
trigonometry, the insurance salesman and 
the housewife use the same arithmetic. 

To be a mathematical genius may re- 
quire a certain gift of God equivalent to 
those qualities bestowed upon great artists, 
great musicians, great athletes, great 
generals and great patriots. But to learn 
the basic mathematical principles up to 
and through calculus is within the reach 
of the average college student who is well 
trained in each of the preceding disci- 
plines. This is the all-important role of the 
high-school mathematics teacher. Your 
job is to so inspire and impress your stu- 
dents that mathematics becomes their 
ready servant rather than a problem in 
itself. 

Let me illustrate. It is essential that the 
high-school student learn to be neat, ac- 
curate and methodical. There is no better 
way or place to learn this lesson than 
through mathematics. He must, for ex- 
ample, be taught that a radical covers 
everything and nothing more than should 
be beneath it. He must be taught to place 
an equal sign opposite the main dividing 
line of a fraction; he must be neat in 
making numbers so that there is no diffi- 
culty in distinguishing seven from one, 
three from five, etc. He must be taught 
accurate mathematical language so that 
the numerator isn’t referred to as the top 
and the denominator as the bottom. The 
simple and easy way of writing numbers 
and their logarithms can be of service 
throughout one’s entire life. 

But mathematics is far more than a 
course in neatness and precision. The re- 
duction of worded problems to numbers 
and equations is one of the best ways of 
training the mind that the teaching pro- 
fession has ever used. I taught trigonom- 
etry for several years and solved many 
trigonometric identities, but have yet to 
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find a practical use for this knowledge. 
Nevertheless, this is one of the finest ways 
of training a student to reason clearly that 
can be used. On the other hand, the study 
of trigonometry is relatively simple and 
easy to teach because it is, in the main, so 
very practical. It illustrates aptly what a 
fund of knowledge can be obtained by 
carefully scrutinizing a simple triangle 
with its mere three sides and three angles; 
it is the one branch of mathematics upon 
which two professions are built. 

The inspired teacher can present his 
subject so that the understanding of new 
concepts and the opening up of new hori- 
zons is a real thrill. The concept of a de- 
rivative is one of the greatest contributions 
to pure reason and clear thinking that the 
human mind has ever devised in the realm 
of science. To apply this powerful tool to 
the solving of maximum-minimum prob- 
lems is perhaps the apex of a college edu- 
cation. It is almost like handing a student 
a magic key to the world’s storehouse of 
scientific theory. A workable knowledge of 
calculus makes the study of almost all col- 
lege science an easy matter, since this is 
usually the stumbling block of those stu- 
dents who have trouble with sciences in 
college. 

For example, most chemistry students 
find that physical chemistry and thermo- 
dynamics are the toughest courses they 
must take. This is simply because both of 
these studies are based on mathematics— 
relatively simple calculus at that. Those 
students who can spend their time study- 
ing chemistry, without at the same time 
trying to comprehend why /dx/x=log z, 
have little trouble with modern theoretical 
chemistry. The toughest derivations are 
but simple mathematical problems. 

Whether the high-school graduate goes 
on to college, or takes a job, the mastery 
of high-school mathematics will be of in- 
estimable value throughout his life. This 
brings me back to where I began. It is the 
job of the mathematics teacher to insist 
upon the little but essential things upon 
which the ultimate knowledge of mathe- 
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matics is built. You have a marvelous 
opportunity to do this by laying down a 
few hard and fast rules to which there are 
no exceptions. Most of algebra is merely 
understanding that what you do to one 
side of an equation you must do to the 
other. A large segment of trigonometry is 
contained in the simple and graphic con- 
cept of the “unit circle.”’ 

You can and should, I think, show that 
mathematics isn’t just cold, impersonal 
calculation but that there are many prac- 
tical and personal lessons to be drawn. 
Show your students, for example, that 
there is really no irreconcilable difference 
between plus and minus—it is just a mat- 
ter of shifting the axis to convert any 
minus into a plus. So, in life, the proper 
point of view can change difficulties into 
opportunities, or failure into success. 

You might explain to your students that 
zero is not nothingness but is a value 
smaller than anything concerned with that 
particular problem. Likewise, infinity is 
not just bigness but is a value larger than 
anything with which you are working. 
These concepts should help all of us to see 
ourselves in the proper perspective, pre- 
venting us from being overly egotistical 
on the one hand and morbidly discouraged 
on the other. 

The simple and exacting operation of 
balancing an algebraic equation teaches a 
very practical lesson: what you put of 
yourself into one pan of life’s balance is 
exactly what you reap on the other side. 
As you sow, so shall you reap. 

Finally, as mathematics teachers, you 
have the golden opportunity of reversing 
the unhappy trend that might lead Amer- 
ica to mental and moral bankruptcy. 
Don’t make things soft and easy for those 
who have the capacity and interest to ab- 
sorb high-school mathematics. There is 
still no royal road to learning and I am 
firmly convinced that the inner fortitude 
and stern stuff that made America strong 
is still at the heart and core of the boys 
and girls who sit before you and drink in 
the lessons you offer from day to day. No 


J 





boy gets much of a thrill out of making the 
varsity team with ease, because that 
means it is a weak and easily defeated 
team. Challenge your students, pile on 
enough homework to make them work 
hard and remember what they’ve learned. 
Know your subject so well that they will 
instinctively respect and credit you with 
their subsequent successes. You are on the 
firing line of a technological America. Keep 


your sights high so that the students you 
develop today will be the capable, well- 
trained, hard working, well-balanced men 
and women of tomorrow. Be sure that the 
torch of learning you hand to them will 
be burning as brightly or brighter than it 
was when you first took hold of it and 
dedicated your life to the great and proud 
profession of teaching and inspiring the 
youth of America. 





From past to present 


An early system of numeration was recently 
brought forth in Rex Stout’s mystery, “The 
Zero Clue,”’ which appeared as the second story 
in his recent trilogy “Three Men Out.” And it 
was necessary for the detective hero, Nero 
Wolfe, to refer to Mathematics for the Mil- 
lion to see what the author, Lancelot Hogben, 
had to say on the subject before he could solve 
the case. 

The problem was this: a prominent mathe- 
matician was found murdered, and this clue, 
formed by pencils and an eraser was found on 


his desk. S a Pm 


What might this mean? It might be a slightly 
corrupted version of the initials of Nero Wolfe 
himself. What might be other interpretations of 
this uncommon representation? 

Ancient peoples represented a number by the 
very same quantity of pebbles or dots; or by 
sticks or bars. Hogben describes the latter 
“matchstick”? notation of the Chinese in Chap- 
ter 7 of the previously mentioned book. Thus, in 


early China, —————_ would represent three ob- 


— eer 


jects or the number three, and would 


represent two objects or the number two. As 
the effort was made to speed the formation of 
these symbols, the writing instrument was not 


raised from the paper, and they became S 


and 7 respectively. 


What might the raised dot mean? It is used, 
of course, as a symbol for multiplication! There- 
fore, the clue must mean 3 times 2 or 6. Arrest 
the suspect connected with the number six. 

But Chapter 7 mentions a quite different 
meaning. A need was felt long ago for a con- 
venient system of notation which would repre- 
sent any number easily regardless of size, and 
with a minimum of different symbols. (The 
Roman system is an example of an undesirable 
one.) This meant that some method was needed 


to distinguish GS 7 , that is 32, from 


other numbers using the same symbols such as 
302 or 320. It was the contribution of some un- 
known Hindu of a dot, -, which was later 0, to 
represent the “empty” column. 

With this added bit of information, the clue 
took on new meaning, and the one suspect who 
was linked with the number 302 was summarily 
detected and punished. 

The use of mathematics as an integral part 
of a plot is not new in literature. The reader is 
probably familiar with several. And to be able to 
follow and understand such applications when 
they do occur is certainly one of the pleasures 
that result from a training in mathematics.— 
Wendell C. Hall, Myrtle Creek, Oregon 





“Ah, but my Computations, People say, 

Reduced the Year to better reckoning?—Nay, 
’T was only striking from the Calendar 

Unborn To-morrow, and dead Yesterday.” 


Omar Khayyém 
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The use of puzzles 
in teaching mathematics 


JEAN PARKER, Central High School, Florence, Alabama. 

Puzzles always intrigue high school classes and, hence, form an excellent 
means of motivating the study of mathematics. Here is an excellent 
collection of usable puzzles for the high school classroom. 


SINCE ANTIQUITY people of all ages have 
found pleasure in puzzles, tricks, and 
curiosities of all kinds. The problem of the 
fox, the goose, and the peck of corn and 
how to get them across the river was 
known in the time of Charlemagne, about 
800 a.p.! The hare and hound problem 
appears in an Italian arithmetic of 1460, 
and many other present-day puzzles have 
come down to us from a much earlier time.” 

Some of the earlier puzzles have lost 
much of their original significance or inter- 
est inasmuch as the subsequent develop- 
ment of newer branches of mathematics 
afforded simple solutions which deprived 
them of their initial mystery and appeal. 
In other cases, the attention given to these 
perplexing puzzles ultimately led to an 
extension or clarification of new mathe- 
matical fields. One central fact stands 
out, however: the appeal of puzzles is as 
irresistible today as it was two hundred 
or two thousand years ago. 

In the voluminous amount of literature 
which has been produced concerning the 
use of puzzles in the classroom, there has 
been attributed to puzzles every conceiv- 
able objective, from thought-provoking 
recreation to a means of improving atti- 
tudes, except as a method of teaching 
mathematics. Many well-known writers 
have dealt with this field, including, 


1 Augusta Barnes, ‘‘Making Mathematics Inter- 
esting,” THe Matuematics Teacuer, XVII (No- 
vember 1921), p. 5. 

2 Ibid. 


among others, W. W. R. Ball, H. Dudney, 
H. Schubert, and 8. I. Jones. In general, 
the consensus seems to be that puzzles 
are excellent devices for securing the at- 
tention of a group, as material for clubs 
and contests, as part of an enriched pro- 
gram for the bright pupil, as a reward 
after a certain amount of good work, and 
for pure enjoyment. 

However, there are some few who ob- 
ject to the use of puzzle material in the 
classroom for any objective. For instance, 
M. C. Bergen contends that there are only 
two groups in high school mathematics 
classes today, the interested and the un- 
interested.’ He says, further, that recrea- 
tions will provide motivation for neither 
group, since (1) the interested ones need 
no motivation, and (2) the uninterested 
ones will certainly get nothing from a 
problem purposely worded in a tricky 
and evasive way. If we accept Bergen’s 
hypothesis, we may or may not accept his 
conclusion. But how can we accept a 
hypothesis that there are only two classes 
of mathematics students, when we know 
that there exist varying degrees of interest 
among pupils. This fact alone tends to 
invalidate Bergen’s statement. 

In opposition to Bergen, there are some 
who believe that a good teacher tries to 
secure the attention of his students by pre- 
senting the subject they are studying in an 

3M. C. Bergen, “‘Misplaced Mathematical Recre- 


ations,” School Science and Mathematics, XXXIX 
(November 1939), p. 766. 
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attractive form, and to instill its principles, 
if possible, by processes agreeable to the 
student. There are, indeed, some teachers 
who are willing that their students should 
be not only interested, but entertained, if 
through such enteytainment the real work 
of the classroom can be advanced. 

In support of this theory a well-known 
study by R. B. Porter has been made 
to determine the effect of the study of 
mathematical recreations on achievement.‘ 
Three experiments were carried out, in 
which the control-group technique was 
used. The problems used in the experimen- 
tal group were carefully selected so that 
they were related to the work studied at 
the time. The results of these studies indi- 
cate that pupils not only may have fun 
in mathematical recreations of the puzzle 
nature without any deterring effect upon 
achievement, but may achieve more in the 
process. Increase in achievement, how- 
ever, was only one of many factors in favor 
of the experimental group as determined 
by observation of the classes such as:5 

1. The time spent in recreational ac- 
tivities does not inhibit the covering of a 
prescribed course content; rather, it pro- 
vides an opportunity for covering much 
additional material. 

2. The use of recreational material is 
stimulating to the teacher as well as to the 
pupil. 

3. Recreational items may be synchro- 
nized with daily assignments, thereby pro- 
viding a common meeting ground for stu- 
dent and teacher from which a learning 
situation may progress. 

4. Creativeness is encouraged in the 
pupil as he devises his own recreational 
items. 

5. A form of research is encouraged 
through the use of recreational material; 
pupils who have not previously used li- 
brary facilities have been observed to do 
so in search for such items. 


4R. B. Porter, ‘Effect of Recreations in Teaching 
of Mathematics,”’ School Review, XLVI (June 1938), p. 
423. 

6 Jbid., p. 426. 


Certainly any activity which results in 
the aforementioned advantages would be 
worth while in itself. But the primary re- 
sult of this experiment is the conclusive 
indication that real mathematics can be 
taught through puzzles, wrinkles, and trick 
problems. 

It is my contention that puzzles can be 
made to serve dual purposes: 

1. To secure the interest and attention 
of the group. 

2. To teach mathematics by illustrating 
and clarifying certain mathematical con- 
cepts and techniques, by securing a higher 
mastery of subject matter, by developing 
skill in manipulation, by making mathe- 
matical learnings more permanent, and by 
developing an appreciation of the system- 
atic approach of algebraic methods. 

It is my purpose to present a sampling 
of the available puzzle material and meth- 
ods of using this material in the teaching 
of mathematics. 

An unfailing source of entertainment for 
the mathematics class is found in the mul- 
titude of mathematical problems in which 
an apparently correct chain of operations 
leads to an absurd result.* These problems 
also have considerable value in the teach- 
ing of mathematics. Not only do they pro- 
vide a needed relief from day-to-day tasks, 
but the associations are an aid to memory 
in recalling important facts which have 
been temporarily forgotten. No formal 
statement that division by zero is not per- 
missible will impress the pupil to the same 
extent that he is shocked when he first sees 
a “proof” by algebra that 5=7 or 1=2. 

Almost everyone who has been exposed 
to elementary algebra has at one time or 
other seen a proof that any two unequal 
numbers are equal. 

Paradox 1: To prove that any two un- 
equal numbers are equal.’ 

Suppose that 


a=b+e (1) 


®C. B. Read, ‘““Mathematical Fallacies,’’ School 
Science and Mathematics, XX XIII (June 1933), p. 585. 

7E. P. Northrop, Riddles in Mathematics (New 
York: D. Van Nostrand Co., 1944), p. 84. 
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where a, b, and ¢ are positive numbers. 
Then inasmuch as a is equal to b plus some 
other number, a is greater than b. Multiply 
both sides by a—b. 
Then 
a? —ab=ab+ac—b?—be. (2) 
Subtract ac from both sides: 
a? —ab—ac=ab—b?—be. 
Factor: 
a(a—b—c) =b(a—b—c). (4) 
Divide both sides by a—b—c. Then 


a=b. (5) 


Thus a, which was originally assumed 
to be greater than b, has been shown to be 
equal to b. 

Paradox 2: To prove any number is 
equal to any other.® 

Let a and b be any two given numbers. 
Let c and d be two equal numbers. Then 


c=d (1) 


ac=ad 


be = bd 
ac—be = ad —bd 
ac —ad = be — bd 
a(c—d) =b(c—d) (6) 


a=b. (7) 


These exercises may be introduced when 
a pupil attempts to divide a number by 
zero. Now the pupil may ask, “Why 
can’t we divide by zero?’’ The answer in- 
volves the notion of consistency. Division 
in mathematics is defined by means of 
multiplication. To divide a by b means to 
find a number zx such that b-x=a, whence 
x=a/b. Division by zero then leads either 
to no number or to any number. Thus, if 
we admit zero as a divisor, any two num- 
bers can be shown to be equal. Whether or 
not we agree that it is important to know 


8 Ibid., p. 86. 


division by zero is not allowed, we must 
agree that here is an opportunity to teach 
some of the underlying principles of our 
number system, and to impress students 
with the “reasonableness” of our defini- 
tions, axioms, and postulates (e.g., if di- 
vision by zero is defined, inconsistencies 
would occur elsewhere in our laws of opera- 
tion). 

Division by zero is sometimes fairly well 
disguised. For example in the theory of 
proportions, it is easy to prove that if two 
fractions are equal, and if their numera- 
tors are equal, then their denominators 
are equal. That is, from a/b=a/c it can be 
inferred that b=c. This inference is not 
valid for a=0, since step 3 involves di- 
vision by zero if a=0. 

Given: 

a/b=a/ce (1) 
ac=ab (2) 


c=b. (3) 


Consider the following problem in this 
light. It is desired to solve the equation:* 


(x+5)/(x—7) —5=(44—40)/(13—2z). (1) 
Combining terms: 


[x+5—5(x—7) |/(x—7) 
=(4r—40)/(13—2z). (2) 


Simplifying: 
(42 —40)/(7 —x) = (4x -—40)/(13—2). (3) 


Now since the numerators in (3) are 
equal, so are the denominators. That is, 
7—x=13-—2 or 7=13. 

Now, “How do we know that 4x—40, 
the numerator on both sides of (3), is not 
equal to zero?” Here it should be pointed 
out that the axioms cannot be applied 
blindly to equations without taking into 
consideration the values of the variables 
for which the equations are true. Thus 
equation (1) is not an identity which is 
true for all values of x, but is an equation 
which is satisfied only for the value z= 10. 


9 Ibid. 
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At this point it would be valuable to in- 
troduce problems of this type: 
Solve for x:!° 


(2—3)(x+3) =2?-9 (1) 
(2—2)(x+1) =z?—z-2. (2) 


The fact that x vanishes creates a puzzle 
which eventually leads up to the difference 
between an identity and a conditional 
equation. 

Another misuse of the axioms is appar- 
ent in the following paradox." In attempt- 
ing to solve the system of two equations in 
two unknowns: 


r+y=1 
rt+y=2 


we are forced to the conclusion that, since 
1 and 2 are equal to the same thing, they 
must be equal to each other, i.e., 1=2. 
What is the error? Again, the values of x 
and y for which both the equations are 
true must be taken into account and there 
are no values of x and y for which r+y=1, 
and, at the same time, x+y=2. This para- 
dox illustrates a set of inconsistent simul- 
taneous equations in which it is not possi- 
ble to solve for x and y. 

Many other algebraic paradoxes involve 
the extraction of square root. Using an 
argument which required division by zero 
we have already proved that any two un- 
equal numbers are equal to each other. 
Here is a different proof of the same propo- 
sition. 

Let a and b be two unequal numbers, 
and let c be their arithmetic mean, or 
average.” 

Then 


(a+b)/2=c, or a+b=2c. (1) 


Multiply both sides by a—b: 
a? —b* = 2ac —2be. (2) 


Add b?—2ac+c? to both sides: 


10 A. R. Meeks, ‘Recreational Aspects of Mathe- 
matics in Junior High School,’’ THe Matsematics 
Treacuer, XXIX (January 1936), p. 121. 

t Northrop, op. cit., p. 79. 

12 Northrop, op. cit., p. 81. 


a? —2ac+c? = b?—2be+c? (3) 
(a—c)?=(b—c)?. (4) 
Take the square root of both sides. Then 


a—c=b-c 


a=b. 


What is the error? We neglected the fact 
that a quantity has n nth roots. In passing 
from step (4) to step (5) only the positive 
signs are used. Had we written (5) as 
a—c=-—(b—c), we should have obtained 
our original expression, a+b=2c. Here it 
should be pointed out that the extraction 
of a square root requires the consideration 
of both signs, and the one which leads to 
a contradictory result such as ours must be 
rejected. 

Fallacies are useful in illustrating par- 
ticular facts. They present those facts in 
such a manner that they are not easily for- 
gotten. But most important is the fact that 
fallacies point out the logic and consist- 
ency in mathematics. They impress the 
student with the knowledge that when one 
obtains absurd results even through seem- 
ingly correct operations, there is some 
logical, concrete explanation which is con- 
sistent with the rules of operation. 

Geometrical fallacies are very frequently 
seen. They are usually divided into two 
types."* The first type involves the use of 
a false theorem; and the second involves 
the use of an incorrect construction. The 
flaw in the proof is obvious if the construc- 
tion is attempted, but if the figure has 
been prepared in advance, the average 
geometry class will be greatly puzzled. 

The purpose of the following examples 
is to show the danger of depending too 
much on the drawing in working out a 
proof. They illustrate the pitfalls in the 
faulty construction of figures, i.e., ‘Rela- 
tions which appear to the eye to be correct 
may be erroneous and misleading.’ 

13 Read, op. cit., p. 586. 

4D. E. Smith and W. D. Reeve, The Teaching of 


Junior High School Mathematics (New York: Ginn 
and Co., 1927), p. 403. 


The use of puzzles in teaching mathematics 221 





Paradox 3: Every triangle is isosceles." 
Given: any triangle, as ABC. 
To prove: ABC is isosceles. 





Figure 1 


Proof: 

Let DE be the perpendicular bisector of 
AB and CE be the bisector of angle C, 
meeting DE at £. 

From E draw EA and EB. 

Draw EG perpendicular to AC and EF 
perpendicular to CB. 

Then 


AADE=> ABDE. 
Hence 
AE=BE. 
ACEG=> ACEF. 
Hence 


EG=EF and CG=CF. 


Therefore, 
AAEG=> ABEF. 
Hence 
GA=FB, 


Since 


it follows that: 
CG+GA=CF+FB 


CA=CB. 
6 Ibid. 


Therefore A BC is isosceles. 

Paradoxes of this type show how easily 
a logical argument can be swayed by what 
the eye sees in the figure and so empha- 
sizes the importance of drawing a figure 
correctly, noting with care the relative 
position of points essential to the proof. 

Paradox 4: To prove that more than one 
perpendicular may be drawn from a point 
to a line." 

Given: AB and point P outside AB. 

Required: To draw two perpendiculars 
from P to AB. 





Figure 2 


Solution: 


Draw AP and PB and construct circles 
on them as diameters cutting AB at M and 
N respectively. Then PM and PN will 
each be perpendicular to AB, since they 
form right angles inscribed in semicircles. 

These examples cannot fail to impress 
pupils with the importance of careful 
thinking and observing in a logical demon- 
stration. The chief value of such exercises 
lies in the use that can be made of them to 
show the need for accurate constructions 
in geometry. Although important conclu- 
sions may be deduced from a careful ex- 
amination of a figure, such cases show that 
observation unsupported by some reliable 
check is worthless as a means of proving 
the truth of geometric statements. 

The second type of geometric fallacy 
illustrates the tendency to misquote a 
proposition. The absurd results of such 


16 Northrop, op. cit., p. 102. 
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proofs should point out the need for famili- 
arity with theorems, axioms, and postu- 
lates that are to be used in a deductive 
argument. 

Paradox 5: Any point on a line is the 
midpoint of the line.!7 

Given: P any point of AB. 

To prove: P is the midpoint of AB. 


C 





1 
| 
\ 
\ 
} 
\ 
| 
1 
| 
1 
\ 
1 
1 
1 
P 


Figure 3 
Proof: 


On AB as a base construct an isosceles 
triangle ACB and draw CP. Since 
AC=BC, CP=CP, and ZA=ZB, AACP 
and ABCP are congruent, and AP=PB 
(corresponding parts). 

Most boys and girls are thoroughly in- 
trigued by number tricks and age tricks. 
Much intellectual curiosity and alertness 
can be aroused in the ordinary boy or girl 
of high school age through the ‘mind 
reading”’ qualities of the teacher. These 
problems may be employed in the teaching 
of mathematics as legitimately and per- 
haps more effectively as much of the ma- 
terial we are now using, since most of the 
“mysterious” number problems may be 
easily explained by the first steps in alge- 
bra. They provide needed practice in 
selecting the essential data from the un- 


essential data, in setting up equations, and ~ 


in mastering rules of operations and tech- 
niques in the solution of equations. Some 
require very careful reading before they 
can be translated into the language of sim- 


17 Smith and Reeve, op. cit., p. 402. 


ple algebra. This quality will tend to de- 
velop what we call “critical’’ or “logical’’ 
thinking. The problems listed below are 
illustrative of this group. 

1. Tell a member of the class to select 
two numbers and to tell you their quotient 
and their difference and you will tell him 
the numbers. How is this done?!* 

The small number is equal to the differ- 
ence divided by the quotient decreased by 
one. If a/b=q and a—b=d, then it is easily 
shown by algebra that b=d/(q—1). 

2. Tell a person to think of a number, 
to square it, to square the next larger num- 
ber, and then tell you the difference be- 
tween the squares and you will tell him the 
number. How is it done?!® 

Let n be the number and n+1 the next 
larger; then the squares are n? and n?+2n 
+1. The difference is 2n+1. Hence, sub- 
tract 1 and divide by two and you have 
the number selected. 

Puzzles of this type emphasize the ad- 
vantages of the systematic approach to 
the solution of problems that is found in 
algebra. 

The ability to square numbers mentally 
is another elementary algebraic puzzle. Its 
algebraic explanation affords a highly de- 
sirable application of the formulas to arith- 
metical computation, while at the same 
time the algebraical statement extends the 
rule to all numbers between 25 and 150.?° 
Rules of this kind are excellent for rapid 
calculation. 

The rules are all applications of the sim- 
ple formulas (a+b)?=a?+2ab+b? and 
(a-—b)?=a*—2ab+b? and the teacher of 
algebra should emphasize this kind of 
simple application of algebraic formulas. 

Thus 


(50 —a)? = 2500 —100a+a? 
(50+a) = 2500+ 100a+<a? 
(100 +a) = 10,000 +200a+<a? 
18 [bid., p. 395. 
19 Tbid., p. 394. 
20 L. C. Karpinski, “‘A Rule to Square Numbers 


Mentally,” School Science and Mathematics, XV (Janu- 
ary 1915), p. 20. 
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= 100(100+a+a) +a? 
(20+a) = 400+40a+a? 

= 20(20+a+a) +a’ 
(10+a) = 100+20a+a? 

= 10(10+a+a) +a’. 


Another type of puzzle is that fre- 
quently found in algebra books under the 
title of “practical problems.”’ In most puz- 
zles of this kind, the difficulty lies in the 
phraseology, while the mathematics is 
simple. They provide drill in setting down 
facts in a logical sequence and also teach 
the solution of equations through problems 
made interesting by their puzzling nature. 

For example: 

1. A man is twice as old as his wife was 
when he was as old as she is now. When 
she is as old as he is now, the sum of their 
ages will be 100 years. Find their ages 
now.”! 

The problem involves two equations: 


m=2(w—m—w) 
and 


m+m—w+w+m—w= 100 
m=444 w= 33}. 


2. Mary is 18 years old. Ann is twice as 
old as Mary was when Ann was as old as 
Mary is now. How old is Ann?” 

Let us say that x years ago Ann was as 
old as Mary is now; that is, she was then 
18. 

Then 
a—zr=18 
and also 
a=2(18—72) 
hence 
a=18+2 
and so 
18+2=2(18—z) 
solving, 
r=6 
hence 
a=2(18—6) =24. 


21 Smith and Reeve, op. cit., p. 399 
2 Jbid., p. 399. 


Perhaps the puzzle most frequently dis- 
cussed by the public is the “‘trick’’ puzzle. 
It is said that the following puzzle caused 
chaos in banking circles: 

Assume we make a deposit of $50 in a 
bank. 


Withdraw $20.00 
Withdraw 15.00 . Leaving 
Withdraw 9.00 Leaving 
Withdraw 6.00 Leaving 


Leaving $30.00 
15.00 

6.00 
00.00 


$51.00 


$50.00 


We now present our figures to the bank, 
showing the discrepancy, and demand the 
extra dollar. Repeat ten thousand times 
and retire for a while.” 

Since such problems are so common it 
would be well if the mathematics teacher 
could find a way in which she might use 
them to teach mathematics. In general, 
these discrepancies result from a lack of 
observation and critical thinking. A puzzle 
of this type should arouse the innate curi- 
osity of most high school pupils and should 
develop (1) the processes of thinking and 
(2) a questioning attitude toward such 
misleading results. (Why should the sec- 
ond column add up to the same amount as 
the first?) 

There are many mechanical puzzles, 
such as the “Fifteen Puzzle’ and the 
“Tower of Hanoi” which have a mathe- 
matical basis far above the level of think- 
ing in the secondary school. However, 
there is enough enjoyment in the interest- 
ing stories accompanying these puzzles 
and in the manipulation of them knowing 
that there is a mathematical explanation, 
to warrant their use in the classroom for 
recreational purposes. It is to be hoped 
that through such recreational devices as 
these a true interest in mathematics may 
be furthered and a desire to continue 
mathematical study may be developed 
through the realization that mathematics 
can be fun. 


%3,Harriet Heald, Mathematical Puzzles (Wash- 
ington Service Bureau, 1217 13th Street N.W., Wash- 
ington, D.C.), p. 6. 
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The popularity of the daily newspaper 
crossword puzzle has probably caused the 
development of the cross-number puzzle 
as illustrated below. 


AREAS AND PERIMETERS” 






































Figure 4 


Horizontal 


1. Perimeter of a 9” square. 

3. Area of a 1” square. 

5. Area of a rug 9’X12’. 

6. Circumference of a circle with a di- 
ameter of 7”. 

7. Area of a rectangle 16” X33". 

8. How many sides has a square? 

10. Find the area of a triangle with a 
base of 16” and an altitude of 14”. 

11. Same definition as (11) vertical. 

14. Perimeter of a wheel 49” in di- 
ameter. 

15. How many 2” squares can be made 
to fit into a rectangle 4” by 10”? 


Vertical 


1. Area of a room 30’ X 104’. 

2. Area of a field 60 rd. 10.1 rd. 

3. Area of a unit square. 

4. Area of a square 15 cm. on a side. 


“EE. J. Berger, “Devices for a Mathematical 
Laboratory,” THe Matruematics Tracner, XLII 
(January 1951), p. 33. 


. Perimeter of a fence 12 yd. X84 yd. 
. Perimeter of a triangle which is 7” 
on each side. 
. Perimeter of a rectangle 4.8 cm. 
X2.7 cm. 
13. Perimeter of a lawn which measures 
233 ft. in length and 213 ft. in width. 


The purpose of the cross-number puzzle 
is its use as a motivating device which 
will enable the teacher to re-create inter- 
est in solving mathematical problems. It 
involves the construction of a puzzle which 
the students can complete by writing in 
the correct answers to a set of problem 
exercises. Its mathematical value lies in 
the interesting manner in which a review 
of a unit of work may be undertaken and 
in its use in the regular classroom instead 
of traditional tests and written exercises. 

It appears that we may safely conclude 
that most of us have a “puzzle instinct”’ 
and that the puzzle question at the right 
time and place will not only make a class 
more interesting, but can further the pri- 
mary responsibility of the teacher, i.e., 
teaching mathematics. Specific instances 
have been pointed out in which it is pos- 
sible both to motivate the work and at the 
same time insure its mastery. Puzzles and 
paradoxes lend themselves to the teaching 
of (1) specific facts, e.g., division by zero 
is not permitted; (2) techniques in prob- 
lem solving, e.g., selecting pertinent data, 
establishing equalities, and operations 
with equalities; (3) basic mathematical 
concepts, e.g., accuracy in drawings, and 
familiarity with well-known propositions 
in geometry; (4) critical thinking; (5) 
an appreciation of the power of mathe- 
matics. 

Puzzle material, properly related to class 
work can, therefore, be made a valuable aid to 
teaching. 

Now, should the teacher of mathematics 
desire to locate additional material con- 
cerning puzzles, the following sources are 
suggested : 

1. Several newspapers and magazines 
have daily and weekly features of mathe- 
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matical puzzles (e.g., Popular Science puz- 
zle page). 

2. Mathematical publications as THE 
Matuematics TEACHER, School Science 
and Mathematics, Scripta Mathematica, 
and American Mathematical Monthly. 

3. The bibliography listed in this article. 

4. The pupils themselves. With guid- 
ance and direction, pupils will submit 
many interesting items. 


5. The teacher. With an underlying 
source of error of a mathematical principle 
as a basis, endless problems can be created 
by the teacher who is interested in this 
type of work. 

6. Schaaf, N. L., “List of Works on 
Recreational Mathematics,’ Scripta 
Mathematica, XLIV (October, 1944), pp. 
192-200. Over three hundred sources are 
listed. 
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Are postulates in a mathematical system ‘“‘true’’? 


If you want to use a mathematical system 
in a very practical way, such as in surveying 
and astronomy, must its principles agree with 
the reality that you observe and measure? The 
following excerpts will appear startling to those 
who answer ‘‘yes’’ to these questions: 

“To simplify the computations necessary 
for the determinations of the direction of the 
meridian, of latitude, and of longitude or time, 
certain concepts of the heavens have been gen- 
erally adopted. They are the following: 


a) The earth is stationary. 

b) The heavenly bodies have been pro- 
jected outward, along lines which extend 
from the center of the earth, to a sphere 
of infinite radius called the celestial 
sphere. 


The celestial sphere has the following char- 
acteristics: 


a) Its center is at the center of the earth. 

b) Its equator is on the projection of the 
earth’s equator. 

c) With respect to the earth, the celestial 
sphere rotates from east to west about a 
line which coincides with the earth’s axis. 
Accordingly, the poles of the celestial 
sphere are at the prolongations of the 
earth’s poles. 

The speed of rotation of the celestial 
sphere is 360° 59.15’ per 24 hours.’”! 


1 Keuffel and Esser Company, Solar Ephemeris and 
Surveying Instrument Manual, 1954, p. 56. 
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Common errors made in general 
mathematics by high school 


students of Louisiana 


ROGERS E. RANDALL, Southern University, Baton Rouge, Louisiana. 
Evidence continues to accumulate that our high school 

graduates do not know how to compute; however, in striving 

to improve computation, care should be taken that this 

does not overshadow the more important mathematical 

goals in our high school mathematics classes. 


Because oF the generally poor perform- 
ance of students in the mathematical com- 
putations required in a physical science 
course taught by the writer, he set out to 
learn the extent of the mathematical liter- 
acy of Louisiana’s Negro high school stu- 
dents in the areas of arithmetic and alge- 
bra. Specifically, he wished to determine 
(1) the common errors made by high school 
students enrolled presently in a general 
mathematics course, and (2) to what ex- 
tent these students had the ability to 
solve word problems. 


PROCEDURE 


As a part of the competitive testing of 
the Louisiana Interscholastic Athletic 
Literary Association for the second semes- 
ter of the school year 1954, an outline 
covering topics to be taught was mailed 
to each participating school during the 
first semester of the academic year 1953- 
54. 

Dr. Leroy R. Posey, Jr., Head of the 
Mathematics and Physics Department of 
Southern University, constructed a mas- 
tery test in general mathematics, which 
was administered to the best students en- 
rolled in a general mathematics course in 
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their respective high schools. The students 
were selected by their respective mathe- 
matics teachers. The time period for the 
test was two hours. 

The mastery test referred to above in- 
cluded problems involving the mathemati- 
cal operations of addition (decimals, frac- 
tions, mixed numbers, and conversions), 
subtraction (decimals, mixed numbers, 
fractions, and conversions), division (deci- 
mals, whole numbers, and mixed num- 
bers), multiplication (decimals and mixed 
numbers), solving linear equations, factor- 
ing, and solving word problems. 

One hundred thirty-one students from 
fifty-six high schools, composed of 65 fe- 
male students and 66 male students, par- 
ticipated in the general mathematics 
competitive testing program in the state. 


RESULTS 


The results of this test in terms of scores 
reveal a score range for females of 0-70; for 
males, 0-96.6.! The mean for the female 
students is 33.3; for the male students, 
37.62 

1 Scores based on 100 per cent. 


2 No data were secured that would give a reason 
for a better performance from the male students. 
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TABLE 1.—Tyres or ProptemMs AND ComMMoN ERRORS 





PROBLEM NUMBER 
AND PROCESS 





PROBLEMS 


| 
PROBLEM 


NUMBER 





COMMON ERRORS MADE 





I. Addition 


| (a) 0.00214, 4.32, 4.6009, and 
174.01018 

| (b) 23 2/3, 5 1/8, 6 3/4, 5/12 

| (ce) 1/6, 5/9, 7/30, and 2/3 


| 


I & Il 


1 


2 


Wrong position of decimal 
point 
Changing numbers to frac- 
tions 


| 
| 
i 


3. Adding and subtracting 
fractions 

Changing from one unit to 
another 

Subtracting larger number 
from smaller number 


(d) 4 yards, 2 feet, and 7 inches 
(Express the result in feet) 

(e) 5.42 kilometers, 156.3 me- 
ters, 56.8 centimeters, and 8 | 
millimeters (Express results | 
in meters) 


| 4, 
5. 


| (a) 5.007, 12.02 

| (b) 27/8, 51/4 

(ce) 9/25, 8/15 

(d) 5.2 centimeters, 1.3 meters 
(Express result in centime- 
ters) 

(e) 3 1/2 feet, 5 1/4 yards (Ex- | 
press result in yards) 





II. Subtraction 
(subtract the 
first number 
from the sec- 
ond) 





III | 1. Dividing and not 
| geros in answer 
| III & IV | 1. Changing mixed number to 
correct fraction 
Placing decimal in wrong 
place 








| (a) 0.510224 by 0.104 placing 
| (b) 5.83 by 58300 

(ce) 202,570 by 235 
| (d) 2 5/8 by 5 1/3 
| (e) 0.003 by 15 


(a) 2.05 X0.6 

(b) 77.7 X.0009 
(c) .0606 X.2002 
(d) 9 5/7 X3 3/5 


Division 


Ill. 





2. 





IV. Multiplication | 





| V& VI 


V. Linear equa- | 
tions 


Simplifying linear equations 
Removing denominator 
Factoring 

Solving for unknown 


(a) 5e+9c—6e = 132 

(b) 7(g—8) —6(2g —15) =4(6 —g) 
(ec) 38/2—7/3 =48/5—7/5 

| (d) 3d —5d/6=d/2+5/9 


| (a) 4m?r?+8m?r —60m? 
| (b) 92? —16y? 

(ce) 152?+142r—-8 

(d) ax? —2azxr —35a 


Tr 
| 2. 
3. 

4. 





VI. Factoring 





. Setting word problems up 
correctly 

. Changing per cent to deci- 
mal 


VII. Word problems) (a) The sugar contained in the 
sugar beet is 6 1/4% of the 
weight of the beet. How 
many pounds of beets will 
be required to produce 175 
pounds of sugar? 
| (b) A lady buys a piece of cloth 
containing 48 yards at 22¢ a 
yard. She uses 33 yards for 
various purposes, and the 
rest for making four skirts. 
What did the cloth cost per | 
skirt? 
(c) In a certain triangle having 
three unequal angles, the 
smallest angle is 1/6 the larg- 
est, and the remaining angle 
is 1/3 the largest. Compute 
the size of each of the angles 
of the triangle. 
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Table 1 shows the types of problems and 
common errors made on the test. 

Table 2 shows the number and per cent 
of correct and incorrect responses and 
problems not attempted. The principal 
difficulty in decimal problems proved to 
be placement of the decimal point. A large 
number of the students did not attempt to 
solve word problems. This may suggest 
their inability to read and interpret word 
problems. The principal difficulty in solv- 
ing problems involving factoring appeared 
to be that the majority of the students 


just did not know anything about the 
processes involved in factoring. The diffi- 
culty in solving problems containing linear 
equations seemed to be that the majority 
of the students did not know algebra. 


CONCLUSIONS AND RECOMMENDATIONS 


An examination of the data in Table 2 
revealed that: 

1. There were signs of carelessness in 
multiplication, addition, subtraction, and 
division. (Common errors shown in Table 


1.) 


TABLE 2.—NvuMBER AND Per Cent or Correct RESPONSES, INCORRECT RESPONSES 
AND PrRoBLEMS Not ATTEMPTED 


CORRECT RESPONSES 


No ATTEMPTS 





PROBLEM NUMBERS’ |——————— i 


Number Per Cent | 


Number 


Per Cent 


Per Cent 


Number 








(a) | 83 63.3 
(b) 70 53.6 
(c) 46 35. 
(d) 65 49.6 
(e) 19 14. 


(a) 90 68. 
(b) 87 66. 
(ce) 78 59 .£ 
(d) 23 ye 
(e) 20. 


or) 


(a) 53. 
(b) 57 53. 
(c) y 62. 
(d) 35. 
(e) 42. 


“Ie O11 o 


(a) 

(b) 54.¢ 
(c) ‘ 

(d) 


T (a) 
(b) 
(c) 
(d) 


(a) 
(b) 
(c) 
(d) 


(a) 
(b) 


(c) 


47 35. th 
57 3. - 3.05 
76 ; 5.8 
50 38. j 2 
48 36 .6 j 8 


36 ‘ 3.8 
36 27. bil 
40 30. ‘ 9 
61 ¥ - 35.8 
77 ‘ 6 





* See Table 1 for number and description of problems. 
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2. A large number of students did not 
know how to handle the decimal point 
correctly in addition, multiplication, sub- 
traction and division. 

3. A large percentage of the students 
did not know how to handle denorninate 
numbers correctly. See problems I(d), 
I(e), II(d), and II(e). 

4. A large number of students did not 
know how to change mixed numbers to 
fractions. See problems III(d) and IV(d). 


In light of the results and conclusions of 
this study, it seems justifiable to recom- 
mend that: 


1. Competence in arithmetic be stressed 
among high school students. 

2. A great deal of mathematical think- 
ing be stressed on the part of the student 
and teacher (word problems may serve 
well at this point). 

3. Emphasis be placed on accuracy and 
speed in learning the skill operations, but 
that accuracy be stressed most. 

4. Teachers of mathematics in the State 
of Louisiana make concerted and conscious 
efforts to improve the teaching and learn- 
ing of general mathematics by raising the 
existing academic standards in teaching 
the subject to high school students. 
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Some arithmetical fundamentals 
of value to junior high school teachers 


J. MAURICE KINGSTON, University of Washington, Seattle, Washington. 
A discussion of some elementary points in mathematics so 

frequently misunderstood by teachers and of great import 

for the student’s future success in the study of algebra 


WE HAVE ALL been confronted by numer- 
ous cases of people who either say they 
hate arithmetic, or are sure they will not 
be able to do algebra, or say they never 
could understand algebra. I feel that to a 
greater or lesser extent these problem 
situations are related and that if we can 
do something effective to reduce the num- 
ber in the first group, greater success will 
be achieved with the latter two groups. 

To be specific, I believe, for one thing, 
it would be of great value to reduce to an 
absolute minimum the amount of mem- 
orized procedures which are still sometimes 
imposed on children. By so doing I believe 
the actual arithmetic taught need not be 
reduced nor do I imply that we are to 
eliminate a reasonable amount of practice. 
Let me say at once that the current trend 
toward emphasizing understanding and 
meaning in arithmetic is a major step in 
this direction. Another step which I feel 
would be beneficial would be to overcome 
our fear of using simple algebraic tech- 
niques, where they can be of particular 
assistance in arithmetic without requiring 
elaborate preparation. I believe the tra- 
ditional algebra can be made a much more 
natural generalization of arithmetic than 
is now usually the case and the transition 
from one to the other should then be ac- 
complished without any shock. It is my 
opinion that if we fail to offer children this 
opportunity, we are in danger of cheating 
them. To say that it will serve only to con- 


— 


fuse them is to underestimate their capa- 
bilities in many cases and to yield to the 
temptation to resist any alterations in 
procedures which “seem to work pretty 
well.’”’ Hence, in what follows, the reader 
will not be surprised at the algebraic flavor 
which will be evident and which, it seems 
to me, can add much to the elegance of the 
subject. 

I believe that there is a relatively small 
number of basic principles associated with 
our number system of arithmetic, which, 
when fuller use is made of them, will lead 
to greater understanding and improved 
performance. In the first portion of this 
discussion the references will be of a prac- 
tical and basic type while the latter part 
will concern itself with more abstract no- 
tions. 

Let us note at the beginning that 
equality is a proper equivalence relation 
and hence possesses the reflexive, transi- 
tive and symmetric properties. I should 
like to direct our attention particularly to 
the symmetric property which guarantees 
that a=b implies b=a. Although this fact 
is not unfamiliar I believe we might well 
emphasize it more strongly as early as, for 
example, when multiplication is first en- 
countered. The fact that 15=3X5 is 
going to play an equally important role 
beside its symmetric twin, 3X5=15, for 
example, when we wish to add 75 and yx. 
If children have become accustomed to the 
desirable habit of “splitting”? numbers 
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into their factors, the “common denomi- 
nator process’’ will be simpler to under- 
stand and use. The argument will proceed 
logically that we need the individual fac- 
tors 3, 4 and 5. Let us suppose that our 
addition problem is somewhat more in- 
volved, say, 7s+745+2. If we note that 
12=3X2xX2 while 18=3X3X2 and 
27=3X3X3, then the smallest number 
which will contain 12, 18 and 27 must 
contain the necessary factors, i.e., 
3X2xX2X3X3=108. However, when it 
comes to changing ; into the correct 
multiple of xis, we do more work than 
necessary if we neglect the factored forms 
of 108 and 18 which we have just obtained. 
The easiest way to divide 108 by 18 is to 
remove the factors of 18 from the factors 
of 108, leaving 2X3 or 6. Similarly the 
factors 2X2 remain when 108 is divided 
by 27. The addition follows easily: 


¢ opirg’s ¢ ai! 19 
12 18 27 108 108 108 108 


In this connection the commutativity of 
multiplication is much more than a minor 
property as we shall see later. 

The integer one is not usually given, it 
seems to me, an adequate opportunity in 
elementary arithmetic to demonstrate its 
capabilities as a multiplier. Consider the 
problem of “cancellation” in the reduction 
of fractions. In some treatments the re- 
duction is based on the assumed correct- 
ness of dividing the numerator and de- 
nominator by the same non-zero number. 
To me this has always seemed a weak 
approach and one requiring considerably 
more justification than that usually given. 
I should think a child’s reaction might well 
be: Why divide rather than subtract 
equal numbers in order to reduce ¢¥? On 
the other hand let us see if the number one 
cannot make the situation clear. Let us 
assume that the multiplication of frac- 
tions has been defined and the fact ob- 
served that 3=$=4= --- =1. Then if 
we are accustomed to factoring, the frac- 


4 
or, by 
3 


tion }# is seen immediately as 


invoking commutativity, as ———- The 
5X3 


symmetric characteristic of equality again 
makes an appearance, this time in the 
definition of the product of two fractions, 
allowing us to work from either side of the 


, S © -6xXe 
equation —X—=——-- 


This gives us 
b d bxXd 


#x<$=4#X1 which must be # on account 
of that delightful property of the number 
one. At this point a teacher, if he wishes, 
may accelerate the procedure by intro- 
ducing a cancellation operation. (Lest I 
might be misunderstood may I say that I 
realize and fully approve that reduction 
of fractions will have been previously 
treated graphically and with the use of 
concrete materials.) I believe this treat- 
ment in arithmetic will be a strong deter- 
rent when a student is tempted to put the 
answer zero when “everything has can- 
celled out.’’ Too, he will not be so likely 


: : ab+e 
to want to cancel c in the fraction . 
c 


when he studies algebra. We have seen 
that multiplication by the number one 
occurs both in “reducing” and in “ex- 
panding” a fraction, if such poor words 
can be countenanced in connection with 
operations which leave the value of a frac- 
tion unchanged. It is the same step which 
guarantees in long division of decimals 
that we can always work with a whole 
number as a divisor. 

Another situation in which the number 
one plays a similarly effective part is in 
justifying or replacing the “invert and 
multiply” rule. Let us consider the so- 


called complex fraction — - We know that 


any non-zero number divided by itself is 
equal to one and hence we are free to 
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choose the representation of one which is 
most useful for our purpose. In this case 
the choice is directed by our desire to 
create one in the denominator of the origi- 
nal fraction. This can be accomplished by 
multiplication in the denominator by #. 
Therefore to multiply by one we will use 


the form $ - The result is then 


+ 


ix _ ix 


2 
a —X 
na re Se 


and our “invert and multiply” rule is com- 
pletely evident. There is another proce- 
dure of a similar type which is also very 
effective, as follows: 
12 8 
ane Sl amn tn ae ¢ 
12 9 


Whether or not such problems are now 
considered ‘“‘proper’’ to give to children, I 
should at least like to be certain that 
teachers know how to handle them easily 
and with complete understanding. In this 
vein, let us deal with one that is more 


me There is, of course, 


5 


complex, e.g. 


the possibility of carrying out two “com- 
mon denominator procedures’ followed 
by an application of the “invert and 
multiply” rule. But suppose that we sim- 
3X4X5X7 


ly multiply our fraction by 
ae ” 3X4X5X7 
This will give 

(4X5X7)—(3X4X5) 140—60 80 
(3X5X7)+(3X4xX7) 105+84 189 





Perhaps if we demonstrate some elegance 
in arithmetic we may avoid making it 
appear like a chore. 

I believe it would be profitable to in- 
corporate into arithmetic quite early the 
use of parentheses. I have not forgotten 
the elementary teacher-trainee who was 
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confronted with the following objective 
question on one of my tests. I set up a long 
division symbolically, thus: 


and asked that the correct statement be 
chosen from five given statements of the 
form: W multiplied by S and the result 
added to T' gives F. His verbal reaction to 
this question was, “I can’t do it; this is 
algebra.’’ I would like to see the parenthe- 
sized form (aXb)+c—(d+f) replace the 
necessity for remembering the rule that 
multiplications and divisions must pre- 
cede additions and subtractions in such 
expressions as aXb+c—d+f. Then 
F=W(S)+T would be associated with 
the operation of division directly from its 
introduction and the alternate form 
F T ; 

—=S§+ — could be obtained easily. 

W W 


The question many teachers dread is 
“Why can’t we divide by zero?’ This 
question need cause no difficulty if we 
realize that the ability to carry out a di- 
vision procedure depends on the existence 
of a quotient. Returning to F= W(S)+T, 
it is easy to observe that since T is smaller 
than F, there is no quotient S which will 
act when W is zero. This should not be a 
source of confusion since it is only one of 
the special characteristics of zero, a num- 
ber which plays a role in addition similar 
to that played by one in multiplication. 

It seems to me that per cent is often 
“built up” into a concept much deeper 
and “tougher” appearing than is really the 


p 
case. Once the definition ere is 


established and it is accepted that the two 
expressions are completely interchange- 


able with each other and with their deci- 
mal equivalent, I feel that it is unwise and 
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certainly unnecessary to stress the learn- 
ing of “type” problems. A very nice appli- 
cation of multiplication by one, in the 
form of 100%, occurs often in such prob- 
lems. If, for example, we are required to 
determine what per cent of 4 is 32, an 
elegant beginning is made when we write 
the obvious truth, 4= 100% of 4. Then the 
familiar argument, four apples cost twenty 
cents, one apple costs five cents, three 
apples cost fifteen cents, leads immedi- 
ately to 32=800% of 4. 

As I have indicated previously I am one 
of those who believe that arithmetic 
should lead naturally to algebra. Consider, 
for instance, the following typical problem 
in seventh-grade arithmetic: The prices of 
dresses have been reduced thirty per cent. 
If a dress is now selling for thirty-five 
dollars, what was its original price? If we 
call the original price P, or any other sym- 
bol which we would find convenient to use, 
and proceed to operate with P just as if we 
knew its value, we obtain at once the 


70 
equality 100 xXP=35. The actual value 


of P is easily deduced by purely arith- 
metical reasoning. Again, the principal ad- 
vantage gained is in freeing the pupil from 
“type” procedures which normally must 
be predetermined for this problem and for 
others where the given information has 
been varied. 

I realize that anyone suggesting the use 
of a letter to represent an unknown quan- 
tity in arithmetic problems is likely to be 
met with cries of anguish from many 
people who seemingly possess a congenital 
predisposition against such an innovation. 
I hope the following example may help to 
answer some of the objections. Let us 
evaluate the fraction which is equal to the 
repeating decimal .232323 ---. We may 
define .23=.232323 --- and from then 
on, whether we like it or not, the symbol 
.23 plays exactly the role of the unknown 
quantity and could be represented equally 
well by x or n or ? or #. Multiplying this 


quantity by 100 and subtracting the origi- 
nal repeating decimal from it gives us 
99(.23) =23 and the rational form is ob- 
tainable immediately. The question to use 
or not to use a letter in such a case should 
not be such an earth-shaking decision to 
make. The person who does not wish to 
use a letter in arithmetic cannot argue that 
it will “complicate” the procedure. 

Transferring our attention to more ab- 
stract considerations, I feel that elemen- 
tary teachers should be well aware that 
the converse of a theorem is not always 
true. A trivial example will suffice: all 
squares of whole numbers are whole num- 
bers but not all whole numbers are the 
squares of whole numbers. I am reminded 
of the passage in Alice in Wonderland in 
which the mathematician Lewis Carroll 
has his characters speak as follows: “Then 
you should say what you mean,” the 
March Hare went on. “I do,” Alice hastily 
replied. “At least I mean what I say— 
that’s the same thing you know.” “Not the 
same thing a bit,’”’ said the Hatter. ““Why 
you might just as well say that ‘I see what 
I eat’ is the same thing as ‘I eat what I 
see.’”’ “You might just as well say,” 
added the March Hare, “that ‘I like what 
I get’ is the same thing as ‘I get what I 
like.’”’ “You might just as well say,” 
added the Dormouse, which seemed to be 
talking in its sleep, “that ‘I breathe when 
I sleep’ is the same thing as ‘I sleep when 
I breathe.’ ”’ 

Similarly, an untrue assumption can 
lead to any conclusion and hence the truth 
of a conclusion does not establish the truth 
or falsity of the original assumption. Per- 
haps the following will illustrate: If it is 
assumed that 3=1, then we may obtain 
4=2, 2=1, 7=3, etc., as well as 4=4. 

Advanced mathematics is generally car- 
ried on by proving theorems based on defi- 
nitions, axioms, postulates and hypothe- 
ses. Even though a theorem may hold 
in an infinity of individual cases it cannot 
be true in general if a single set of circum- 
stances exists for which the theorem is not 
satisfied. If such a counter-example can 
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be found, this is the simplest and most 
efficient way of disproving the theorem. 
For instance, one might conjecture that 
the fact that one may cite an infinity 
of examples of the following type: 
#+~1, 4+}, #7, etc., might lead toa 
general theorem of that nature. But we 
know that 4¢=} and there are other simi- 
lar cases, e.g., $§ = 4 and $$ =}, to disprove 
the proposition. 

Another bit of logic which can be help- 
ful is the law of the contra-positive, viz., 
the fact that P implies Q is equivalent to 
not Q implies not P. Very often its use may 
serve to emphasize the inaccuracy of a 
general statement. The following trivial 
example will illustrate the equivalence: If 
a whole number is divisible by 4, then it is 
divisible by 2; and equivalently, if a whole 


number is not divisible by 2, then it is not 
divisible by 4. 

In this discussion I have attempted to 
point out some of the many consistencies 
which present themselves repeatedly in 
arithmetic and which can be used to great 
advantage in clarifying the subject, viz., 
the symmetry of equality, the commuta- 
tivity of multiplication, the special proper- 
ties of zero and one, the advantages of 
using parentheses and simple algebraic 
techniques and some elementary principles 
in logic. Although we may not make tre- 
mendous use of such mathematics in ele- 
mentary arithmetic, I believe some ac- 
quaintance with the elegance inherent in 
these fundamentals will be reflected in the 
enthusiasm and understanding with which 
a teacher presents arithmetic to a class. 





Have you read? 


Kune, Morris. ‘‘Projective Geometry,” Scien- 
tific American, vol. 192, January 1955, pp. 
80-86. 


Here is an article no mathematics teacher or 
student should fail to read. From the cover 
painting to the last line in the article it is excit- 
ing reading. From the title one might think it is 
an advanced treatise but the author has done an 
excellent job of showing how projective geom- 
etry is an integral part of all mathematics. 

It is of interest to note how the Renaissance 
painters created projection and section to rep- 
resent three dimensions on a two-dimensional 
plane. The mathematicians then became in- 
trigued and raised the question of elements 
common to all sections of the same projection. 
For example, what happens to all triangles, 
quadrilaterals, polygons and circles? You will 
be interested in the discussion of Desargues’ 
contribution and its rejection by mathemati- 
cians of his time; the contributions of Pascal 
and how these were almost lost. The author 
gives an excellent discussion of duality and how 
one dualizes. This gives an insight into the 
process of “‘creating’’ mathematics. 

You will want to see how projective geom- 
etry is related to Euclidean geometry and the 
impetus projective geometry gave to topology. 
The article is well summarized by the state- 


ment, “No branch of mathematics competes 
with projective geometry in originality of ideas, 
coordination of intuition in discovery and rigor 
in proof, purity of thought, logical finish, ele- 
gance of proofs and comprehensiveness of con- 
cepts.” 


Tinker, Mites A. ‘Readability of Mathemat- 
ical Tables,” Journal of Applied Psychology, 
vol. 38, December 1954, pp. 436-442. 


The table as an arrangement for the pres- 
entation .of data and information is very im- 
portant today. Many of our students fail to 
consider the table itself but think of it only for 
the information it gives. This article summarizes 
a study of tables and their use. It answers such 
questions as: What is the optimum number of 
columns in a table? In pages of tables for finding 
squares, square roots, etc., should the pages be 
numbered or should the page be labeled with 
the number sought? What is the best size of 
type? Does the number style make any differ- 
ence? What kind of paper and size of page is 
best? How about the spacing of the numbers? 

This study is one of the few done in this 
area and the information given here can be used 
with your classes to motivate and make tables 
more interesting to the student.—Pui.ip Peak, 
Indiana University, Bloomington, Indiana 
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Mathematics used in courses of various 


departments in a university 


OTHO M. RASMUSSEN, University of Denver, Denver, Colorado. 
A study pointing out some of the mathematical needs of university 
students and the shortcomings of present mathematics courses. 


THERE IS & growing tendency to introduce, 
in college mathematics, beginning courses 
which are of a type other than the tradi- 
tional college algebra and trigonometry. 
Broader courses have been designed to 
contribute toward the achievement of ob- 
jectives of general education at the college 
level. The content of these courses varies 
greatly according to the level of difficulty 
and the purpose the course is designed to 
serve. 

One of the purposes of almost all of the 
newer courses is to develop the mathemati- 
cal understandings and skills that students 
need in other fields of study in college. A 
few reports have been made of studies to 
determine the mathematical needs of stu- 
dents in certain specialized fields, but 
about two years ago the writer was unable 
to find a report of any systematic investi- 
gation that had been made to determine 
what the content of a first-year general 
mathematics course should be in order to 
serve the needs of students generally 
throughout a university. 

The present article describes a study 
made to determine those mathematical 
skills and concepts which are desirable as 
preparation for study in courses for uni- 
versity students not majoring in mathe- 
matics or the physical sciences. This study 
was conducted at the University of Kansas 
in the year 1951-1952. 

The first step was to prepare a list of 
courses throughout the university which 


were considered to involve the use of some 
mathematics. Eliminated from considera- 
tion were: all courses in the mathematics 
department; all professional engineering 
courses; those courses in the various physi- 
cal science departments beyond the ele- 
mentary course; and advanced courses of 
a specialized or technical nature in other 
departments. A beginning was made by in- 
cluding all other courses in the university 
which had any mathematics prerequisite. 
Textbooks, manuals, and other materials 
used in these and other courses were 
examined for the use of mathematical con- 
cepts. As a result, some courses were added 
to the list. Then the chairmen of depart- 
ments in the liberal arts college and the 
deans of certain of the professional schools 
were consulted to obtain information 
about courses in their fields in which 
mathematics was being used. On the basis 
of information gained in these conferences, 
several courses were removed from the list 
and others were added. The chairmen of 
the departments of botany, entomology, 
geology, philosophy, physiology, political 
science, sociology and anthropology, and 
social work all stated that no mathematics 
was used in the elementary courses in their 
departments. The chairman of the depart- 
ment of social work expressed the opinion 
that perhaps some elementary mathe- 
matics should be provided for graduate 
students in that department. 

The compilation resulted in a list of 
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courses in the following schools and de- 


partments: 


Liberal arts 


Professional 
departments 


schools 
Home Economics 
Psychology 
Physical Science 
Physics 


Astronomy 
Bacteriology 
Chemistry 
Geography 


Business 
Education 
Journalism 
Pharmacy 
A list of required text materials for each 
course in the list was obtained from the 
chairman of the department or the instruc- 
tor in each course. A careful examination 
was made of the textbooks of the courses 
considered to learn what mathematical 
skills and concepts were involved, and a 
tentative list of topics was prepared. This 
list was revised as it was deemed advisable 
when the textbooks were examined, and 
tabulations made of the occurrence of 
these topics in the texts. As each textbook 


was examined, each mathematical topic 
that was found tobeinvolved wastabulated 
but once regardless of the number of times 
it appeared in the text. The results of the 
analysis of the textbooks were summarized 
by departments and by schools. The re- 
sulting list included those topics shown in 
Table 1. For any given topic it can be seen 
which schools and departments make use 
of that topic in their textbooks. For ex- 
ample, logarithms are used in the text- 
books of elementary courses in the schools 
of business, education, and pharmacy, and 
in the departments of astronomy, bacteri- 
ology, chemistry, and physics. 

The following items are included under 
the various topics of Table 1 and Table 2: 


1. Fundamental processes of arithmetic: The 
four fundamental operations applied to 


238 The Mathematics Teacher | April, 1955 








whole numbers, fractions, and decimals; 
extraction of square roots. 

. Percentage: Understanding of the concepts 
and terminology; computation involving 
the various “‘cases.”’ 

. Simple geometry: Similar triangles; concept 
of tangent to a curve; asymptote; interpre- 
tation of three-dimensional line drawings. 
. Ratio, proportion and variation: Arithmetic 
and algebraic examples. 

. Linear equations: Solution of linear equa- 
tions in one unknown; substitution in for- 
mulas and the solving of formulas for one 
unknown in terms of others; the formulation 
of equations. 

. Simultaneous linear equations: Solution of 
pairs of linear equations in two unknowns. 
. Quadratic equations: Solution of quadratic 
equations in one variable with numerical 
coefficients. 

. Powers, roots, and radicals (other than the 
computations included in 1 and 9): The mean- 
ing and use of powers and roots; expressing 
numbers as positive and negative powers of 
10. 

. Logarithms: Meaning of a logarithm; prop- 
erties of logarithms; computations involv- 
ing multiplication, division, raising to a 
power, and extraction of roots. 

. Approximate computation: Significant digits. 
. Trigonometry: Definitions of sine, cosine, 
and tangent of acute angles; solution of 
right triangles; inverse sine; sine curve; 
radian measure. 

. Graphs and tables (other than statistical) : 
Understanding functional relationships ex- 
pressed in graphical and tabular form; con- 
structing tables and graphs to express func- 
tional relationships. 


3. Permutations; combinations; and probabii- 


ity, including the normal probability curve: 
Applications of the most elementary prin- 
ciples. 

. Statistics: Arrangement and interpretation 
of data; measures of central tendency; 
measures of dispersion; correlation; con- 
struction and interpretation of statistical 
graphs. 

. Vectors: Addition of vectors. 

. Conic sections: Simple properties of the 
ellipse, including eccentricity; meaning of 
the expression, “rectangular hyperbola.” 
. Symbols: Meaning of >, AX, <, >, and |al. 
. Miscellaneous terms: Discontinuity; slope 
of a curve; angle of inclination of a line. 


9. Fundamental operations of algebra: The 


four fundamental operations; functional 
notation; converting word problems to 
formulas. (There obviously is some overlap- 
ping between this item and the item of Lin- 
ear equations.) 

. Binomial theorem. 

. Progressions: Arithmetic and geometric. 

. Slide rule: Use in multiplication, division, 
and extraction of square roots. 


In individual conferences with the in- 
structors of the courses under considera- 
tion the instructors were informed of the 
purpose of the study by the writer after 
he had made the analysis of the textbooks 
used in their courses. They were asked to 
fill out a questionnaire concerning the use 
of mathematics in their courses. Within a 
few days after the questionnaire had been 
given to each instructor the author met 
with him to discuss his answers to the 
questions. In those cases where answers 
appeared to be incomplete or not clear, the 
instructor was asked to furnish additional 
information or to explain his answer. In 
each case in which the instructor did not 
give all of the mathematical topics which 
had been found in the analysis of the text- 
book which he used, he was asked about 
the omitted items. 

A tabulation was made by departments 
and by schools to show the mathematical 
topics which the instructors indicated were 
used in their courses. These topics appear 
in Table 2 and differ in some respects from 
these resulting from the analysis of text- 
books. 

There were a number of cases in which 
a topic appeared in the textbook of a 
course but in which the instructor of the 
course indicated that the material was 
presented in such a way that the item was 
not involved. The principle of addition of 
vectors, for example, was found in the text- 
books of three courses, whereas instructors 
stated that this principle was not used in 
the courses. The terms “discontinuity,” 
“slope of a curve,” and “angle of inclina- 
tion of a line,’”’ which were found in the 
textbook of an economics course, were 
not used in the course. Logarithms ap- 
peared more frequently in the textbooks 
than in the replies of the instructors. 

Some mathematical principles in addi- 
tion to those found in the analysis of text- 
books were mentioned in the interviews. 
Instructors indicated several applications 
of simple geometry which had not been 
found in the textbooks of the courses. 
Under trigonometry was added the law of 
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TABLE 2.—Maruematics Topics 
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5. Linear equations 

6. Simult. linear equations 

7. Quadratic equations 

8. Powers, roots, and radicals 





9. Logarithms 

10. Approximate computation 
11. Trigonometry 

12. Graphs and tables 





13. Permutations, combinations, and | 
probability 

14. Statistics 

16. Conic sections 

17. Misc. symbols 


|r PR 


19. Fundamental operations of 
algebra 

20. Binomial theorem 

21. Progressions 

22. Slide rule 


alalala 


sines, law of cosines, and the identities 


sin A 
tan A =———- » 
cos A 


and sin? A+cos? A=1. 


The process of solving certain quadratics 
by disregarding the linear term was added 
to the topic of approximate computation. 

In tabulating the results of the inter- 
views, a topic was included for a school or 
a department even if it were mentioned 
only by a single instructor. No attempt 
was made to weight a topic according to 
the emphasis given it by instructors. 

The following conclusions appear to be 
warranted concerning the mathematical 
needs of general students at the Univer- 


sity of Kansas: 
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1. For a vast majority of the students 
who are not majors in mathematics or 
physical science, the mathematics needed 
for successful completion of their under- 
graduate program is quite elementary. 

2. An understanding of the fundamen- 
tal operations of arithmetic is necessary in 
a large number of university courses. 

3. A majority of students do not possess 
sufficient arithmetical maturity to enable 
them to gain maximum benefit from a 
large number of university courses. 

4. Much of the material normally pre- 
sented in traditional college algebra and 
trigonometry courses is not used in courses 
outside of those in the mathematics and 
physical science departments and is not 
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used in the elementary courses in astron- 
omy, chemistry, and physics. Those parts 
of trigonometry which involve secants, 
cosecants, and cotangents and many of 
the more advanced topics are not used by 
students who are not majoring in mathe- 
matics or physical science. Very little of 
the usual algebraic material concerning 
simultaneous linear equations and quad- 
ratic equations and none of the work on 
theory of equations is used in other courses 
by these students. 

5. There is a definite need in many 
courses in departments throughout the 
university of understanding of elementary 
statistics. 

6. In a considerable number of depart- 
ments more mathematics is needed for ad- 
vanced work than is needed for elementary 
courses. An understanding of elementary 
statistics is necessary for advanced work 
in most departments. 

In this study no consideration is given 
the question of whether the present courses 
throughout the university are properly 
organized and taught to achieve valid edu- 


cational objectives. This study, however, 
in no way implies that the status quo 
should be maintained. As improvements 
are made in the entire university program, 
instruction in mathematics should con- 
tinue to contribute to the effectiveness of 
the entire program. 

This investigation is restricted to a 
single university. Although in many re- 
spects this institution appears to be typical 
of a large number of American universities, 
the possibility exists that certain of the 
findings resulted from local factors and 
caution must therefore be used in applying 
the results of this study to courses on 
other campuses. 

Because this study involved the use of 
questionnaire and interview techniques 
the results are subject to the limitations 
that are inherent in these techniques. 
Although great care has been exercised in 
using these techniques, it is conceivable 
that in some cases the responses of instruc- 
tors were influenced by preconceived no- 
tions with respect to the importance of 
mathematics. 
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Exactly what is a nautical mile? 


Generations of schoolboys through the years 
have pondered the distinction between statute 
miles and nautical miles. The English statute 
mile, used in the United States and in British 
countries, equals 320 rods, or 1760 yards, or 
5280 feet. The nautical mile, or sea mile, is the 
length of one minute of a great circle of the 
earth. It is now also the air mile. 

These definitions seem _ straightforward 
enough. But the earth is not a perfect sphere. 
So which great circle of the earth should furnish 
the official minute’s length? Among many possi- 
ble values the British have traditionally used 
6080 feet, the French 6076.2 feet, and the 
United States 6080.20 feet. 

To encourage uniformity, the International 
Hydrographic Bureau proposed in 1929 that 
1852 meters (6076.103 United States feet) be 
accepted internationally. And most of the na- 
tions of the world did. There were, however, 
three notable exceptions, namely, the United 
States, Great Britain, and Russia. 

More recently, however, the matter revived. 
Why should the United States, a leader in com- 


merce, hold to its own unique nautical mile? For 
a time opposition to a change came from the 
Civil Aeronautics Administration. It was just in 
the midst of directing a transfer nationally from 
the statute mile tothe nautical mile. Two simul- 
taneous changes, it feared, would confuse people. 

Once the transition from the statute mile to 
the nautical mile occurred, though, the next step 
was to alter the nautical to conform to the inter- 
national nautical mile. This was done in 1954 
when the Secretaries of Defense and Commerce 
signed an agreernent effective July 1. 

By October 1 United States aviation was 
flying in terms of the international nautical 
mile. Even though the present unit is four feet 
shorter than the former one, no major effects can 
be noticed. Everything is proceeding as 
smoothly as before. Charts, maps, instruments, 
and navigational procedures continue to be ef- 
fective without any alteration whatsoever. The 
nautical mile has no applications wherein a 
change of 4 parts in 6080 renders it too unprecise 
for use. The change was too small to be in any 
way disruptive. 





“As regards motivating the formal proof 
itself, I wish to point out that understanding 
each step of a proof is no indication of under- 
standing the proof looked at as a whole. Simi- 
larly, if one understands each theorem it does 
not mean one understands the subject matter as 
a whole. We should not lose sight of the Gestalt 
by looking too much at details. Learning mathe- 
matics by understanding in turn each sentence 
in a formal style of presentation can become a 
cook-book style of learning. Hence I would 
stress the ‘idea’ of a proof as much as the 
formal proof itself, and the ‘idea’ should pre- 
cede the formal proof. However, one should 
emphasize that the ‘idea’ falls short of the re- 
quirements of a formal proof and these short- 


comings should be explicitly pointed out. When 
the formal proof is completed one should tie in 
loose ends by checking the places where the hy- 
potheses were needed in the proof. If time is 
pressing, as it always is, I would much prefer to 
see the formal proof omitted rather than omit- 
ting the motivating remarks and/or the ‘idea’ 
of the proof (especially since the formal proof 
can be found in texts while the motivation is not 
often enough in print). However, if this program 
is too time-consuming for the lecturer, part of it 
could be assigned explicitly as a problem for the 
student.” —Howard Raiffa, ‘‘Mathematics for the 
Social Scientist,’?’ The American Mathematical 
Monthly, October 1954 
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Involution operated geometrically 


JUAN E. SORNITO, Central Philippine University, Iloilo City, Philippines. 
High school students of plane geometry may be interested 

in the central theme of this paper as a generalization of the usual 

problem of finding a line equal to the square of a given line. 


THE suBJEcT of representing the funda- 
mental operations by the methods of plane 
geometry offers a fertile field for investiga- 
tion. The addition, subtraction, multipli- 
cation and division of straight lines are 
familiar to students of mathematics. The 
following are two methods of representing 
involution in terms of straight lines, i.e., 
the determination of a straight line equal 
to a power of a given straight line. 

Given: The line a. 

Problem: To determine the length of the 
line equal to a”. 








D 
Figure 1 


FIRST METHOD 


In Figure 1 let AO equal the unit length 
a. At O erect a perpendicular to AO. 
Measure OB equal to a, the given line. 
Draw AB and erect its perpendicular bi- 
sector. Let this perpendicular intersect 
AO prolonged, at O’. With O’ as center 
describe an arc passing through A and B. 


Let this arc intersect AO, prolonged at C. 
Draw BC and erect its perpendicular bi- 
sector. Let this perpendicular intersect BO 
prolonged, at O”. With O” as center de- 
scribe an are passing through B and C. Let 
this are intersect BO at D. By the same 
process O’” and E may be determined. 
This process can be continued indefinitely. 
In the figure 


OC =a’; OD=a'; OE=a'- - - ete. 


Proof: 
In the right triangle ABC 


AO:0B=OB:0C 
substituting 1 for AO and a for OB 
l:a=a:0C 
OC =a’. 
In the right triangle BCD 
OB:0C =0C:0D 
substituting a for OB and a? for OC 
a:a?=a?:0D 
a-OD=a‘ 
OD=a', 
In the right triangle CDE 
OC:0D=OD:0E 
substituting a? for OC and a’ for OD 
a*:a=a*:O0E 
a?.OE=a* 
OE=a' 
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This process may be continued to ob- 
tain a”. 


SECOND METHOD 


Y 








Figure 2 


In Figure 2 let OA on the line OX equal 
the unit length. At A erect a perpendicular 
to OX. By the use of a compass measure 
OB equal to a, the given line. Through B 
draw OY. Construct BC perpendicular to 
OY; CD perpendicular to OX; DE per- 
pendicular to CY; EF perpendicular to 
OX +++ ete. 

Then OC =a’; OD=a'; OE=a' - - - ete. 


Proof: 


In the right triangle OBC, 
pendicular to OC 


AB is per- 


OA:0B=O0OB:00 


substituting 1 for OA and a for OB 


l:a=a:0C 
OC =a’. 
In the right triangle OCD, BC is per- 
pendicular to OB 
OB:0C =0C:0D 
substituting a for OB and a? for OC 
a:a*?=a’?:0D 
a-OD=a' 
OD=a’'. 


In the right triangle ODE, DC is per- 
pendicular to OF 


OC:0D=OD:0E 
substituting a? for OC and a* for OD 
a*?:a®=a:0EF 
a’-OE =a 
OE =a‘. 

It will be observed from the foregoing 
that while it is easy to raise a “line” to 
any power, it is in general impossible to 
perform the reversed operation; i.e., to 
extract any root of a line higher than the 
square root. 





“Given certain factors, and a sound brain 
should always evolve the same fixed product 
with the certainty of Babbage’s calculating 
machine. 

“What a satire, by the way, is that machine 
on the mere mathematician! A Frankenstein- 
monster, a thing without brains and without 
heart, too stupid to make a blunder; which turns 
out results like a cornsheller, and never grows 
any wiser or better, though it grind a thousand 
bushels of them! 

“IT have an immense respect for a man of 
talents plus ‘the mathematics.’ But the cal- 
culating power alone should seem to be the least 
human of qualities, and to have the smallest 
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amount of reason in it; since a machine can be 
made to do the work of three or four calculators, 
and better than any one of them. Sometimes I 
have been troubled that I had not a deeper 
intuitive apprehension of the relations of num- 
bers. But the triumph of the ciphering hand- 
organ has consoled me. I always fancy I can 
hear the wheels clicking in a calculator’s brain. 
The power of dealing with numbers is a kind of 
‘detached’ lever arrangement, which may be 
put into a mighty poor watch. I suppose it is 
about as common as the power of moving the 
ears voluntarily, which is a moderately rare 
endowment.”’—Oliver Wendell Holmes, The 
Autocrat of the Breakfast-Table 


April, 1955 











@ DEVICES FOR THE MATHEMATICS CLASSROOM 


Edited by Emil J. Berger, Monroe High School, St. Paul, Minnesota 


A model for visualizing the formula 


for the area of a circle 


by Clarence Olander, St. Louis Park, Minnesota 


Developing models and materials for 
visualization is important at all levels of 
instruction, but especially so at the junior 
high level. In this brief note an attempt 
has been made to describe the construc- 
tion of a device which, it is hoped, readers 
may find useful in helping their pupils de- 
velop an understanding of the fact that 
the area of a circle is approximately 3+ 
times the square of the radius. 

To construct a suitable model, select a 
wooden embroidery hoop about 7” in di- 
ameter, cut an are 1” long from its cireum- 
ference, and mount the hoop on a piece of 
plywood (see illus.). By making use of four 
narrow strips of wood, fashion a rectangu- 
lar shaped figure and mount it on the ply- 
wood sheet in the position indicated. The 


inside dimensions of this rectangle should 
be respectively equal to and four times the 
length of the radius of the hoop. The side 
of the rectangle next to the hoop must 
have an opening which corresponds with 
the opening in the hoop. Finally, mount 
a small piece of wood (one whose length 
is 3” shorter than the radius of the hoop) 
inside the rectangle so that the area of the 
rectangle is divided in the ratio 1:3. 

By filling the circle completely with 
marbles and allowing them to pass 
through the opening into the rectangle the 
fact that the area of a circle is approxi- 
mately 3+ times the square of its radius 
becomes plausible. 

A device like this should be available so 
that every class member may have an 
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opportunity to manipulate it individually. 
In this informal way, pupils can, by mak- 
ing actual measurements, satisfy them- 


A model for visualizing 


the Pythagorean theorem 


Most teachers of plane geometry at- 
tempt to help their students gain an 
understanding and appreciation of the 
Pythagorean theorem by having them de- 
velop a proof of it. This effort is often 
concluded with an algebraic proof be- 
cause it is claimed that proofs which in- 
volve comparison of areas are too difficult 
for tenth-grade students. However, this 
writer is of the opinion that students will 
gain significantly both in understanding 
and appreciation if they study some proof 
of the last named type. Since many text- 
books include the proof which is sometimes 
ascribed to Euclid, it seems appropriate 
for this department to suggest a model for 
this particular proof. 

To construct a model procure a piece of 
masonite }” X24” X24”, make a drawing 
on it similar to the diagram proposed in 
Figure 1, and cut out the resulting pattern 
as one piece. Paint the right triangle yel- 
low, and make the three squares gray. 
Lines and letters appearing on the dia- 
gram may be stencilled on the model with 
black paint or produced with black Scotch- 
type tape }” wide. The little black circles 
carrying ‘‘+”’ signs indicate the points at 
which dowel pegs }” in diameter and }” 
long should be located. 

Figure 2 indicates the shapes and rela- 
tive sizes of the two pairs of congruent 
triangles which are normally introduced in 
Euclid’s proof by means of auxiliary con- 
struction lines. All four triangles should 


selves that the formula A = zr? is reason- 
able. The model is easy to construct and 
would be a worth-while pupil project. 


by Emil J. Berger 


be cut from semi-transparent plastic }” 
thick. Their purpose for this model is best 
served if each pair is cut from a different 
shade of material (e.g., red and green re- 
spectively). Experience with this model 
has shown that it is not necessary that 
these triangles be lettered. The lettering 
which appears in Figure 2 has been intro- 
duced to facilitate reference for the reader. 
The little circles which appear in each tri- 
angle are 5/16” holes. Each must be 
centered so that when all four triangles are 
correctly located on the model (Figure 3) 
the holes correspond with the dowel pins 
set in the masonite. 


S 

















Figure 1 
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Figure 2 


The difficulty that students normally 
encounter with the proof suggested by 
Figure 3 is that they are unable to bring 
order to the maze of auxiliary construction 
lines that are needed. Using the model 
makes it possible to isolate the particular 
pair of triangles under consideration for 
the moment, and to remove them from the 
scene when another pair is to be consid- 
ered. Once the proper pairs of figures have 
been compared and related the composite 





\ 
\ 
\ 
\ 


\ 
H mM 














Figure 3 


figure (Figure 3) usually takes on real 
meaning for the student. The informal 
approach suggested in this article should 
add considerably to students’ compre- 
hension and appreciation of the proof. It 
hardly seems necessary to mention that 
this model can be used as an aid to help 
the student discover the proof for him- 
self. 


Teaching aid for developing (at b) (a—b) 


by Carl Uth, Benton Harbor High School, Benton Harbor, Michigan 


Editor’s Note: The concept-developing technique 
included in this contribution is as clever as any 
that the postman has ever dropped into this de- 
partment editor’s mailbox. So that the reader 
may experience the “‘feel’’ of the development as 
presented it is suggested that he supply himself 
with a sheet of 83” X11” typing paper, and ob- 
serve the directions in the order listed. Doing 
this will help the reader understand what the 
experience may be like for his students. The 
plan outlined below should prove to be a profit- 
able classroom activity for ninth-grade algebra 
classes. 


The purpose of the procedure outlined 
in this article is to help students develop 


an understanding of the concept embodied 
in the following relation: 


(a+b) (a—b) =a?—D? 


The approach is geometric and depends 
on the area concept. The only materials 
needed for this development are a rec- 
tangular sheet of typing paper, a pencil, a 
straightedge, and a scissors. The plan of 
the development is contained in the fol- 
lowing sequence of steps: 


1. Place the sheet of typing paper on 
a working table or desk so that the reader 
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will be oriented with respect to its position 
in the same way that it appears to him in 
Figure 1. 

2. Make the assumption that the 
shorter dimension is a units and that the 
longer one is a+b units. To determine }, 
fold the upper left-hand vertex of the rec- 











a+b 





Figure 1 
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Figure 2 
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Figure 3 
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tangular sheet down to meet the bottom 
edge (Fig. 2). Draw a line along edge EE’ 
as indicated. 

3. Turn the upper left-hand vertex of the 
sheet back to its original position (Fig. 3). 
Note that the original rectangle has now 
been divided into two figures; the figure 
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Figure 4 
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Figure 6 
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Figure 8 


on the left is a square which is a units on a 
side, and the figure on the right is a rec- 
tangle whose dimensions are b and a.! 
Thus the magnitude of b is determinate. 

4. Fold the upper right-hand vertex 
down as shown in Figure 4, and with the 
aid of a straightedge, draw line DD’. 

5. Label the various edges and lines 
with their dimensions as indicated in 
Figure 5, and, as a simple expedient for 
clarifying references, ‘‘key” the four fig- 
ures formed with the letters W, X, Y, and 
Z. Check to insure that the dimensions 


1To facilitate communication the writer has 
adopted the convention of referring to rectangles with 
unequal adjacent sides as ‘‘rectangles,” and of reserv- 
ing the word “‘square”’ for reference to rectangles with 
equal adjacent sides. 


recorded are consistent with the assump- 
tions made in step 2. 

6. With the aid of a scissors (or by 

creasing and tearing) separate the three 
rectangles W, Y, and Z, and square X 
into four separate pieces as shown in Fig- 
ure 6. 
F 7. Rectangle W may be discarded; it is 
not needed for this development. From 
the remaining three pieces X, Y, and Z, 
select two which may be used to form a 
rectangle which will have dimensions 
(a+b) and (a—b). This requirement will 
be satisfied if rectangles Y and Z are 
placed adjacent to each other in such a 
way that their common side is (a—b). See 
Figure 7. 

8. An inspection of Figure 7 will reveal 
that the area of Y is a(a—b) or a?—ab, and 
that the area cf Z is b(a—b) or ab—6’. 

9. Thus (a+b) (a—b) =a?—b?. 

The device described in the foregoing 
steps may also be used to provide a geo- 
metric interpretation of the fact that the 
factors of a*—b? are (a+b) (a—b). Arrange 
rectangles Y and Z and square X as illus- 
trated in Figure 8. The area of the three 
pieces is a? certainly. By removing (sub- 
tracting) b? (keyed X), and again arranging 
rectangles Y and Z as in Figure 7, the de- 
sired result is immediately apparent. 





he would like to share with fellow teachers 
ts invited to send this department a descrip- 
tion and drawing for publication. Or, if that 
seems too time-consuming, simply pack up 
the device and mail it. We will be glad to 
originate the necessary drawings and write 
an appropriate description. All devices 
submitted will be returned as soon as pos- 
sible. Send all communications to Emit J. 
Bercer, Monroe Hiex Scwoon, Sr. 
Pau, MINNESOTA. 


— 
| 
| Anyone who has a learning aid which 
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@ HISTORICALLY SPEAKING,— 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


Tangible arithmetic I: 


a correction and an addition 


by Robert R. Wright, Sampson Air Force Base, Geneva, New York 


We are particularly delighted to have 
Robert R. Wright point out in the follow- 
ing letter how historical materials may 
interest, motivate, and, most important 
of all, lead to a “discovery.” —P.S.J. 


31 December 1954 


Phillip 8. Jones 
University of Michigan 
Ann Arbor, Michigan 


Dear Mr. Jones: 


I am an instructor at the General Instructor 
School at Sampson Air Force Base. It is the 
mission of the school to prepare enlisted men 
for their careers as U.S. Air Force instructors. 
My particular responsibility is that of prepar- 
ing and training those men who will be the 
mathematics instructors of basic trainees. 

In the November 1954 issue of Tue MaTueE- 
MATICS TEACHER (vol. XLVII, pages 482-487) 
there is an article which you prepared. I be- 
came very interested as I read it, and spent 
several hours discovering the principles of the 
tables described therein. It may interest you to 
know how I came to have a solid knowledge of 
the Napier and the Genaille tables. I first real- 
ized that this was all probably connected to a 
common multiplication table, and I drew one 
up. Then I realized that if I cut along the ver- 
tical columns, I could rearrange them to have 
their headings form the number I wished to 
multiply. A closer look at the Napier procedure 
revealed that this was exactly the procedure. 
I then made a set of tables using the diagonal 
line as did Napier. On the first computation 
with them, I discovered how much of a time 
saver it was to be able to move across the strips 
diagonally in carrying. 

Feeling myself worked into a corner, I 
turned to the Genaille rods. After several min- 
utes of very close scrutiny, I discovered the 
principle of the angular lines, and proceeded to 
construct a Genaille-type table as Professor 
Larsen had done. After I had made each hori- 
zontal grouping, I checked to see if Larsen’s 
drawings were the same as mine, and, as I 


worked through the tables, I discovered the 
error which you hinted might be there. It is in 
the column marked “1” and opposite the index 
“8” on the left side of the chart. The enclosed 
drawing shows the correction. 

I must say that I thoroughly enjoyed your 
article, and commend you for writing it in such 
a way as to stimulate others to inquire as to the 
construction and principles thereof. I am anx- 
ious to see emphasized the process of learning 
of mathematical concepts by ‘‘discovery”’ be- 
cause I feel the generalizations thus obtained 
are more lasting and yet more open to insight- 
ful extension. 

Sincerely yours, 
Robert R. Wright 
A/2c USAF 


CoRRECTED 


ERROR 
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@ MATHEMATICAL MISCELLANEA 


Edited by Paul C. Clifford, State Teachers College, Montclair, New Jersey, 
and Adrian Struyk, Clifton High School, Clifton, New Jersey 


A table of integral solutions 
of a+ Becer 


Although there are several standard 
identities which lead to parametric solu- 
tions'*§ of the diophantine equation 


(1) a2+bh?+c=r*, 


the writer used, instead of one of these, a 
systematic method designed to yield all 
sets a, b, c corresponding to a given r. The 
solutions tabulated here were obtained by 
using a Friden calculating machine, a par- 
tition table listing solutions of a?+b?=n, 
and a factor table. The method was to 
subtract successive squares 1?, 2?, 37, - - - , 
k? from r*, by entering r* in the machine 
and then subtracting successively the odd 
integers 1, 3, 5, - - - , 2k—1. This is effec- 
tive because the sum of the first k odd 
integers is equal to k*. After each subtrac- 
tion the remainder was, therefore, a differ- 
ence of two squares, r?—c?. If this could be 
expressed as a sum of two squares, a?+b?, 
then a solution of (1) was at hand. By 
means of the factor table, r?—c? was ana- 
lyzed for its factor composition. If there 
appeared any factor of the form 4m—1 to 
an odd power, then r?—c? could not be ex- 
pressed as a sum of two squares. If, how- 
ever, the factors were of the form 4m-+1, 
and/or 4m— 1 form factors entered as even 
powers, then r?—c? was expressible as a 
sum of two squares in one or more ways.*® 
In this case the partition table was used to 
find such representations, yielding one or 
more solutions of (1). 

Comparison of the present table with 


by Francis L. Miksa, Aurora, Illinois 


the earlier table? of R. H. Bacon (extend- 
ing to r=99) reveals fourteen errors in 
Bacon’s results. Corrections to be made 
are tabulated below, and are indicated by 
italics. 


b Cc r 


change 29 48 61 
change 2 38 43 63 
change 12 76 77 
change 27 68 77 
change 16 47 64 81 
delete 32 51 52 81 
insert 32 51 60 85 
change 6 54 73 91 
insert 9 62 66 91 
delete 18 51 58 93 
change 16 63 72 97 
change 24 33 88 97 
delete 32 51 72 97 
insert 17 46 86 99 


With these corrections Bacon’s table con- 
tains 347 solutions, the required number of 
primitive solutions for r< 100.7 


1 Bacon, R. H., “‘Integral Solutions of 2*+y?+-z? 
=r?,”’ School Science and Mathematics, vol. 47 (Feb. 
1947), pp. 155-159. 

2 Ibid., pp. 159-162. 

3 Carmichael, R. D., Diophantine Analysis (New 
York: Wiley & Sons, 1915), p. 38. 

4 Ibid., pp. 39-43. 

5 Dickson, L. E., History of the Theory of Numbers, 
Vol. II (Washington: Carnegie Institute, 1923; Re- 
print, New York: Chelsea, 1952), chap. 7, ‘‘Sum of 
Three Squares.” 

6 Ibid., chap. 6, ‘‘Sum of Two Squares.” 

7 Lehmer, D. H., Guide to Tables in the Theory of 
Numbers (Washington: National Research Council, 
1941), p. 62. 
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Table of integral solutions of a*+6*+c? =r? for all odd values of r from r=3 to r = 207. 
Asterisks indicate non-primitive sets. 
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Present-day activity in numerical analysis’ 


by Fred Gruenberger, Numerical Analysis Laboratory, 


In the past, it has almost invariably 
been true that mathematical research has 
preceded its need by a long period, fre- 
quently more than a century. As a small 
example, number theorists had developed 
arithmetic in systems other than decimal 
(e.g., binary) many years ago. This “use- 
less” bit of mathematics was ready and 
waiting when binary automatic calculators 
came into being. 

The advent of high-speed calculators 
(since 1945 or so) has pointed up large 
uncharted areas of mathematics which 
need intensive research. 

Consider, for example, the solution of 
systems of linear algebraic equations. For 
small sized systems we might conceivably 
solve by determinants, or by elimination, 
as is taught in high-school algebra classes. 
For systems of order greater than four, 
more rapid and convenient methods are 
needed, and a great many such methods 
are known. Frequently the choice of 
method depends on the particular machine 
to be used. Problems come from all direc- 
tions: how much intermediate storage will 
be needed? how many instructions are 
needed per root? what accuracy can we 
expect in the roots? what will happen if 
the system happens to have a zero in a 
particular position? There is no one an- 
swer. Different methods may be used on 


different systems. 


1See Paul Brock, ‘‘Mathematicians and Autom- 
ata,” Toe Matuematics TeacHer, XLVII (Decem- 
ber, 1954), p. 514. 


University of Wisconsin, Madison, Wisconsin 


Only a few years ago it was considered 
good for an automatic calculator to be 
able to solve a system of eight equations in 
eight unknowns. Today many laboratories 
consider it a routine problem to solve sys- 
tems of order 40 to 60. And the need has 
already arisen to solve systems of order 
2000. 

In this problem, and almost all other 
numerical problems, rounding errors cause 
trouble whose nature is not, at present, 
well understood. A calculating machine 
generally treats all numbers as integers; 
irrational and transcendental numbers 
must obviously be truncated, and an error 
is immediately introduced into the calcu- 
lation. But even repeating decimals must 
be curtailed. At nearly every stage of a 
long calculation a rounding error occurs. 
There is a tacit faith in numerical work 
that rounding errors will tend to cancel 
out. We have no assurance that they will, 
however. 

Much research, then, is called for on 
numerical methods. At the same time, 
research is needed into the operation and 
construction of the machines themselves. 
At the present stage of the computing art, 
machines exist which can execute a million 
operations (fixed decimal) per minute. 
This can and will be increased eventually; 
however, at present there is a severe limi- 
tation on input and output devices and on 
means of obtaining high-speed storage. In 
simple terms, it is of no use to calculate 
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at great speed unless intermediate results 
can be stored and recalled at the same 
speed. And again, given the speed we need, 
the problem remains of getting a large 
amount of such storage. Today the largest 
portion of research time on machines is 
probably spent on these problems. 

Assuming that a machine is in produc- 
tion, problems still remain as to how best 
to operate it. Most machines so far con- 
structed are essentially fixed decimal. For 
scientific purposes, however, it is desirable 
to operate them with scientific notation 
(e.g., a mile is 6.336 X 10‘ inches), or “float- 
ing decimal” as it is called. Yet people tend 
to think in terms of no particular notation 
—the problem is how best to make the 
machine float. In floating decimal work, 
arithmetic is not commutative; i.e., AB 
is not equal, always, to BA. (The differ- 
ence is then in the last digit.) 

The problems are virtually endless, and 
very little has been done on them. The 
over-all picture, however, is quite bright. 


’ 


There are today more than 60 giant calcu- 
lators in operation in this country (nearly 
all of them 24 hours a day) and over 5000 
small ones. Great strides have been taken 
in the art, and new developments are ap- 
pearing every day. 

Changes that can be expected in the 
near future are these: 

1. The principle of “stored program- 
ming”’ will extend to the small installation. 
This is simply the ability, on a machine, 
to store the machine’s instructions in the 
same way and in the same place as the 
numbers of the problem. At present, this 
ability (which is a powerful tool in numeri- 
cal work) is limited to the giant machines. 
Small sized stored program machines will 
become available in quantity. 

2. Methods of analysis will undoubtedly 
be improved and various procedures will 
become standardized. 

3. Problems of input, output, and stor- 
age will be solved to a better extent than 
at present. 





College recruiting trends 


Here are two interesting excerpts from the 
1955 Midwest College Placement association’s 
“College Recruiting Survey.” 


1. How will your 1955 requirements for college- 
level men compare with those for preceding 
years? 


1954 vs. 1953 
No. of Com- 
panies 

Non- Non- 

Tech. Tech. Tech. Tech. 

More 32 17 32 15 
The Same 102 101 69 68 
Less 26 30 32 18 


1955 vs. 1954 
No. of Com- 
panies 


160 148 133 101 


2. As nearly as you can now estimate, what will 
your 1955 gross monthly salary offering be for 
men without previous business or industrial ex- 
perience? 


| 
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No. of Companies 
Non- 
Technical 


1955— 
Non-Veteran 
Technical 
Salary cae Es. 
Ran ge Mas- 


Bach. ter 


- 


M.S. Ph.D. 


250 or under — — 5 
251-275 - oo 3 


24 
44 
41 


99 
—— 


276-300 
301-325 
326-350 
351-375 
376—400 
401-425 
426-450 
451-475 
476-500 
501-525 
526-550 
551-575 
576-600 
601-625 


oo | | 


es es oC re 


— b> 


i— > 


159 §=115 73 143 84 


Taken from Engineering and Scientific Manpower 
Newsletter, #70, December 15, 1954 
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@ MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, Stanford, California, 
and Dan T. Dawson, Stanford University, Stanford, California 


Who teaches algebra to whom? 


by George Truscott, Ray Lyman Wilbur Junior High School, 
Desmond T. Jenkins, Ray Lyman Wilbur Junior High School, Palo Alto, California, 
and Connell Korb, Counselor, David Starr Jordan Junior High School, Palo Alto, California 


The mathematics program in our public 
schools presents a whole series of para- 
doxes. With our culture becoming in- 
creasingly quantitative in all its aspects, 
our adult population continues to be 
mathematically illiterate. With our world 
leadership and the survival of a democratic 
civilization dependent on our technical 
supremacy, our supply of technical lead- 
ers is drying up at the source. The series 
of paradoxes extends down to specifies of 
the program: while our high school 
graduates are under criticism for arith- 
metic deficiencies, there is parental pres- 
sure for pupils to choose algebra and geom- 
etry rather than general mathematics. 

The present paper grew out of the ex- 
periences of three members of a junior 
high school curriculum committee as they 
undertook to deal with these paradoxes. 
Having reached some conclusions as to 
what needs to be done, they desire to pre- 
sent their ideas for criticism and sugges- 
tion. 

First, as to the problem as it manifests 
itself in the junior high school, we believe 
that this can best be presented as an al- 
legory, with the understanding that any 
resemblance to persons living or dead is 
not only unintentional, but incredible. 


A GUIDANCE ALLEGORY 


Once upon a time there was a set of 
triplets, Andrew, Bertram and Catherine. 
The time came for them to go to junior 
high school. Because they were triplets 
they had always been together in elemen- 


tary school. It seemed a shame to separate 
them now, so they were all assigned to the 
same seventh-grade math class; and in the 
math room, because their last name began 
with the same letter, they all sat together 
in the same row. 

After discussing what they had done 
during vacation, they turned to the first 
page of the book and began the seventh- 
grade work. Now they were doing the ad- 
vanced work their sixth-grade teacher 
had promised. Everyone reviewed addi- 
tion, subtraction, multiplication and divi- 
sion. That night Bertram spent twenty 
minutes on his homework, and Catherine 
had finished hers in class, but Andrew, 
who was expected to do well in mathe- 
matics because he was a boy, spent two 
hours on his and then missed half. 

Just before Christmas vacation, the 
teacher found the sixth-grade achieve- 
ment tests. Catherine scored 9.2; Bertram 
scored 7.1; and poor Andrew who never 
could abstract, 3.2. This bothered the 
teacher, but she was on page 86 in the text 
and had to cover page 104 by Friday, so 
she had no time to go back. Andrew spent 
three hours on his homework on the 
occasions that his parents became threat- 
ening and even then missed three-fourths. 

The teacher was disturbed. One day as 
she went down the hall she met the shop 
teacher who kept the counseling files. She 
told him about Andrew, and the shop 
teacher promised to do something at once; 
but because he was still recording the 
weights and heights on the personal record 
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cards, he didn’t quite have time to get 
around to Andrew. 

The days passed. A, B, and C spent 
eight weeks on percentage. More days 
passed. A, B, and C spent weeks on perim- 
eters and areas. By Easter they had 
covered word problems and could do al- 
most any of those where coffee cost 29 
cents a pound, and eggs were 15 cents a 
dozen. They had all measured their bed- 
rooms with a ruler. Catherine, who, con- 
trary to all reasonable expectation, was 
good in math, remembered the dimensions 
from the last two years and did not spend 
any time measuring. Bertram was a 
whizz with the tape measure and finished 
in twenty minutes, but poor Andrew 
couldn’t quite manage twelve inches and 
after suffering through the regular two 
hours of homework, and having moved 
his bed three times, was quite sure that 
his room was 7’ X26’. 

When the spring achievement tests were 
scored, Catherine, who was a girl and not 
expected to do too well, scored 10.3, 
Bertram scored 7.9, and Andrew scored 
3.1. This might have offered some prob- 
lems, but Andrew was so meek and co- 
operative that he found himself sitting 
again in front of his brother and sister in 
the eighth-grade class. 

The triplets’ eighth-grade year was un- 
eventful. After reviewing addition, multi- 
plication, subtraction and division in 
chapter one of the eighth-grade text, they 
proceeded to apply what they had learned 
in the preceding grades. 

By Christmas they had been intro- 
duced to equations and signed numbers 
and by Easter they were doing problems 
involving volume and complex figures. 
Bertram, following Catherine’s example, 
had kept the dimensions of his bedroom, 
and had no homework, but Andrew was 
laboriously and sullenly trying to figure 
out how to fit his bed in a 4’29’ room. 

The time had now come for the coun- 
selor to counsel. Shop work was well under 
way and the assignments for ninth-grade 
math had to be on the principal’s desk 


not later than the next Monday. Bertram, 
who wanted to be a professional baseball 
player, got algebra. Catherine, who was 
much interested in math and economics 
was discouraged from such aspirations 
because as a girl she had no technical 
future. She was signed up for general 
mathematics. Andrew, who was interested 
in literature, poetry and acting was ex- 
pected to excel in math because he was a 
male (both begin with “m’’). He was 
shoved into commercial arithmetic. 

Bertram worked two hours every night 
removing parentheses. Catherine worked 
forty minutes figuring compound interest. 
Andrew didn’t spend any time measuring 
his room because the art teacher who had 
one math class was too busy with posters 
to assign any homework. 

Finally the time came for assignment to 
tenth-grade mathematics. Bertram, who 
had fulfilled the high school requirements, 
signed up for extra sports. Catherine be- 
came convinced she had no technical 
future in spite of the aptitude shown by 
women in the war years, decided to be- 
come a dress designer and took home 
economics. But poor Andrew—he was a 
problem and a disappointment. Somehow, 
there must still be hope for a technical 
future. He was a male wasn’t he? Sooner 
or later, with enough parental pressure 
and proximity to mathematics books he 
was sure to succeed. The triplets’ junior 
high school mathematics counseling ends 
with Andrew’s assignment to algebra. 


DEFINITION OF THE PROBLEM 


While highly imaginative, this allegory 
serves to highlight the major aspects of the 
problem from three points of view: those 
of the pupil, of society and of the school 
staff. 


From the point of view of the pupil 

How does the ninth-grade pupil decide 
what mathematics to take? It is a well- 
known fact that a great majority of youth 
are not yet ready to make final vocational 
choices in the junior high school. Nor 
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should they be. Pupils at this age should 
not be called on for final decisions. They 
are more interested in broad exploratory 
experiences and in general education. Yet 
the pupil who may follow a technical 
career needs four years of high school 
mathematics. He is forced to make a 
choice at grade 9: general mathematics vs. 
algebra. To protect his future career, the 
careful pupil elects a technical algebra 
course—just in case. Others, because this 
kind of choice is not required in other 
fields, take a course because of its prestige 
value, or to go along with their friends. 

It follows that while the choice at the 
end of the eighth grade should be based 
on aptitude and vocational needs, suffi- 
cient program flexibility is required to 
allow for change of plans without penaliz- 
ing the pupil. 


From the viewpoint of society 

One of the major purposes for mathe- 
matics teachers listed by the Post-War 
Commission was “to provide sound mathe- 
matical training for future leaders in sci- 
ence, mathematics, and other learned 
fields.”’ Such leaders are bound to be lost 
to society unless teachers who have a 
major responsibility in helping to identify 
and direct the educational program of 
those youth capable of profiting from 
technical mathematics courses fully ac- 
cept their responsibilities. The graduating 
physicist of 1955 was in the ninth grade 
in 1947. Because of his interest in science 
and mathematics discovered prior to the 
ninth grade, he was programmed into 
required courses at the proper time, and 
his career as a physicist was assured. On 
the other hand, far too many capable 
students are lost before they get started. 
Too frequently decisions to take or not to 
take algebra are based on parental aspira- 
tion or pupil whim rather than as the re- 
sult of a careful study of the pupils. 

If America is to meet the challenge of 
world leadership in what Lewis Mumford 
refers to as the “‘bio-technic age,” it must 
develop all youth capable of maintaining 


scientific leadership. At the same time we 
are committed to the idea that each indi- 
vidual is free to choose his own career. 
This choice, to be intelligent, should be 
based on realistic information about the 
nature, requirements and rewards of the 
vocation as related to student’s own apti- 
tudes, abilities and interests. This means 
an exploration of the fields of mathematics 
and their vocational applications in grades 
7 and 8. For the guidance counselor this 
means working cooperatively with the 
mathematics staff, the pupils, and parents, 
analyzing individual aptitudes and poten- 
tials as they apply to curricular plans. 


From the point of view of the staff 


How can courses be tailored to the 
needs of society and at the same time at- 
tract the students for whom they are de- 
signed? The great upsurge in pupil popu- 
lation, coupled with a lower drop-out rate 
has created a dilemma. Algebra courses 
tend to be watered down as they adjust 
to an influx of students admitted because 
of pupil and parent pressure. The difficult 
algebra courses have created a high failure 
rate with attendant public relations prob- 
lems. General mathematics courses have 
become, in the eyes of the students and 
staff, dumping grounds for dumbbells. 
They are often filled with disinterested 
youth. The solution is being sought in 
multi-track programs and counseling sys- 
tems. To these must be added high quality 
exploratory experiences, providing the 
data needed for guidance as well as mathe- 
matical ability needed for human affairs. 


IMPLICATIONS FOR ACTION 


Any effective attack on this problem 
requires joint action by high school and 
junior high school, with special responsi- 
bilities pinpointed and accepted. This calls 
for administrative leadership. As Dean 
Cubberly so aptly pointed out, ‘“‘as the 
principal, so goes the school.’’ The prin- 
cipal with this type of orientation will 
be taking an active lead in reshaping the 
program to discover and conserve tech- 
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nical talent. He will probably be encourag- 
ing block scheduling to include mathe- 
matics besides arithmetic in grades seven 
and eight. He will be selecting new teach- 
ers who are willing and prepared to work 
in this program. He will encourage intelli- 
gent experimentation. To accomplish all 
this, he will organize and lead staff study 
of the scope and sequence of the tradi- 
tional mathematics program with the 
view to making such adaptations as ap- 
pear practicable in the light of individual 
differences and newer conceptions of the 
relationship of mathematics to general 
education. He will facilitate study and 
experimentation through the provision of 
special materials and vigorous support for 
those engaged in this enterprise. 

It is the responsibility of the teachers 
through the eighth grade to prepare the 
pupil (and his parents) to select the ap- 
propriate sequence in mathematics. This 
will require: 

a. Early discovery of technical compe- 
tence, through arithmetic achievement, 
intelligence and aptitude tests, and try- 
out units in algebra and geometry. One 
school uses the Iowa Algebra Aptitude 
Tests, the California Mental Maturity 
Tests, the Stanford Binet, the Wechsler- 
Bellevue, achievement tests, and a special 
teacher evaluation for each student. 

b. Exploration and discussion of the 
uses of mathematics in various vocations, 
leading to a consideration of the nature 
and purposes of the several sequences in 
mathematics in the secondary school. In 
Wilbur Junior High School this is handled 
by each teacher of an eighth-grade mathe- 
matics class. Because of the increasing 
concern for a more comprehensive pro- 
gram, plans are presently under way for 
better coordination and increased content. 

c. A public relations program designed 
to secure the understanding and coopera- 
tion of the parents, directed by the admin- 
istration. In one junior high school, a 
spring P.T.A. meeting about college en- 
trance requirements led to the question 
of what mathematics courses to take. This 
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topic was then discussed in each of the 
eighth-grade parent-teacher conferences. 

In all of these activities, the school 
counselor plays an important part. 

It is the responsibility of the staff 
beyond the ninth grade to provide a 
flexible multi-track program to take care 
of the wide range of pupil needs. Several 
aspects of such a plan are clearly necessary. 

a. A challenging and interesting se- 
quence in mathematics for general educa- 
tion. It is highly doubtful if one ninth- 
grade course can provide mathematical 
literacy for adult needs. 

Such a sequence, acceptable as the 
normal, expected choice of the student 
unless he has specialized needs and apti- 
tudes, is necessary to the solution of the 
present difficulty.! This means that the 
sequence must be so designed and ad- 
ministered that it carries prestige equal to 
that of other sequences. 

b. A pre-technical four-year sequence, 
in which standards can be maintained 
suitable for selection and preparation of 
technical leaders. This means that it 
should be open only to those with appro- 
priate qualifications and interests. 

ce. College requirements being what 
they are, a sequence including algebra and 
geometry is needed for the student prepar- 
ing for a non-technical college program. 
Such an intermediate sequence has proved 
useful in providing the flexibility needed 
for the pupil who exercises his inalienable 
right to change his plans (example—try- 
out for 12 weeks). 

It thus appears that the current diffi- 
culty which focuses on the ninth grade is 
an all-school problem. It has been ac- 
cepted as such by the committees referred 
to above. What has been presented here 
amounts to a definition of the problem, 
rather than its solution. The committees 
‘an profit from experiences in other 
schools in medium-sized communities. 


1 Unless the general sequence is equal in quality 
and prestige to any other, the counseling prior to the 
ninth grade is futile, and the standards of the other 
sequences cannot be protected. 
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@ MEMORABILIA MATHEMATICA 


Edited by William L. Schaaf, Department of Education, 


On selling mathematical 
education to the public 


In the pages of this department not long 
ago we alluded to the tenuous outlook for 
mathematical education. Specifically, we 
quoted the opinion of J. H. Murdoch to the 
effect that pretensions to the supreme im- 
portance of mathematics in education 
were currently suspect, to say the least. 
We should like to present Murdoch’s 
views still further, since we feel that they 
are particularly well taken. He says, for 
example, that 


It would be silly to claim that the study of 
mathematics has some pre-eminent virtue sat- 
isfying its forcible imposition on all pupils. 
Yet it has an important place in any well-or- 
ganized scheme of post-primary school educa- 
wen... s 

Many of the virtues commonly attributed 
to mathematical training are contingent only. 
The subject is essentially one of insight rather 
than of information and requires the mastery of 
certain specific skills. If these latter are not ac- 
quired, if the learning has been largely rote 
learning or uncomprehending memorization, 
mathematics is not being learnt at all. Conscious 
efforts should also be made to encourage the 
transfer of mathematical training to other fields 
of action." 


To us, the idea of ‘contingent values”’ 
attributable to the study of mathematics 
seems singularly appropriate and happily 
phrased. The same writer continues, and 
we take the liberty of condensing, as fol- 
lows? 


... The study of mathematics has its peculiar 
virtues, not so easily realizable in other fields. 
It has likewise its peculiar limitations and dan- 
gers, that must be recognized. 
Before stating the “virtues” and “limita- 
tions,’’ we should like to interpose our 
1 J. H. Murdoch, The Teaching of Mathematics in 
Post-Primary Schools (New Zealand Council for Edu- 


cational Research, 1950), p. 153. 
2 Ibid., pp. 155-163. 


Brooklyn College, Brooklyn, New York 


conviction that many teachers of mathe- 
matics might be well advised to reflect on 
the contingent nature of the virtues as well 
as the seriousness of the limitations when, 
in their enthusiasm, they are disposed to 
sell mathematical education to the public. 
(Not that we are averse to selling it— 
quite the contrary! But let’s be realistic.) 
Now to state the two sides of the ledger, 
as Murdoch sees it. On the asset side: 


(A) Some of the beauties typical of mathe- 
matical thought can actually be enjoyed even 
in the third form*—a neat and tidy proof as con- 
trasted with a clumsy and laboured one, a gen- 
eralization that sums up with beautiful econ- 
omy a multiplicity of instances, a graphical 
representation of functional changes enabling 
intermediate values to be read, the simplicity 
of the metric system. 

(B) A second feature of mathematics is the 
very slight demand that it makes on experience 
of life. ... This freedom from experience that 
comes only with years is shared also by music, 
and it is significant that young children of genius 
can distinguish themselves in these two fields— 
music and mathematics. This has, of course, its 
concomitant danger, that the demands of every- 
day life may be ignored by those who devote 
themselves too narrowly to these studies. The 
point here at issue, however, is that mathe- 
matics deals essentially with material well with- 
in the experience of children. That teachers 
have managed to render the subject meaningless 
and obscure to so many pupils is a monument 
to pedagogic perversity. 

(C) A third feature of mathematics is that 
in its definiteness and precision it provides a 
training in exactness for the young... . This 
definiteness and precision of mathematical 
concepts and methods leads the pupil further to 
the recognition of the certainty and inevitable- 
ness of his conclusions, given his premises. He 
knows, or should know, without reference to 
his teacher, that his conclusion is correct and 
inescapable. This is a matter of no small mo- 
ment to a young student. 

(D) The development of the concept of 
proof constitutes one of the most important 
aims in the teaching of mathematics. . . . It is 


3 Corresponds to the eighth or ninth year in Ameri- 
can public school systems. 
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one of the failures of our class teaching that so 
often we have crammed children with book- 
work on the assumption that they cannot be 
trusted to reason for themselves. 


We come now to the negative side of the 
ledger—the “severe limitations’ of the 
study of mathematics. Here Murdoch is 
just as frank, just as sincere, and, in our 
opinion, just as sound as in the case of the 
“virtues’’ of the subject. Briefly, they are: 


(A) Obviously [mathematics] cannot pro- 
vide the literary, musical, historical, geograph- 
ical and artistic training and knowledge that 
are provided by the other core subjects in the 
curriculum. Its restriction to numerical and 
spatial fundaments stresses an important but 
single aspect of life, and its predominantly in- 
tellectual character narrows still more its appeal 
to children. Its initial artificiality in form and 
symbolism is confusing, and it is so systemat- 
ically developed that early failure is particu- 
larly difficult to overcome... . 

(B) It will readily be conceded, too, that 
the more fundamental virtues claimed for the 
study of mathematics require for their realiza- 
tion some years of systematic study... . 

(C) Again, there are many forms of reason- 
ing in life that are barely represented if at all in 
school mathematics. This springs from the 
specific nature of mathematical treatment... . 

(D) One last danger in mathematical study 
should be noted: it may lead to an over-exalta- 
tion of mathematical procedures and a contempt 
for subjects of study not amenable to its meth- 
ods. Some of its leading exponents, to judge by 
their published opinions, are not guiltless in 
this respect. 


O. W. Holmes 
and Morris R. Cohen 


In the early twenties, two books which 
have since become rather well known were 
engaging the attention of lovers of mathe- 
matics: Ouspensky’s Terlium Organum, 
and Spengler’s The Decline of the West. 

No small part of the interest in the for- 
mer work was due to its esoteric allusions 
to “time-binding’’—the role of time as a 
fourth dimension. Coming as it did at the 
moment when Einstein’s contributions to 
relativity theory were uppermost in men’s 
minds, it is little wonder that Ouspensky’s 
mysticism caught the popular fancy. It 
was solemnly pronounced that “we know 


already by our intellect that everything 
exists in infinite spaces of time, nothing is 
made, nothing becomes, all is.’’ Or, as 
interpreted by Claude Bragdon, who 
thought that these new concepts of time 
and space would produce a revolution in 
philosophical thought: ‘Time becomes 
space and space becomes a mathematical 
abstraction—relationships alone exist and 
exist perhaps only by virtue of the struc- 
ture of the mind.”’ 

Interest in Spengler’s morphological in- 
terpretation of history derived from his un- 
orthodox conviction that the development 
of mathematics throughout the ages is not 
a continuous, cumulative evolution. 
“There is no mathematics, only several 
mathematics.’’ According to Spengler, 
every culture has its own mathematic, 
which is inherently a necessary part of 
that culture; moreover, the mathematic 
of a particular culture is the culmination 
of the symbolic expression of the soul and 
spirit of that culture. 

Among the published letters between 
the late Justice Oliver Wendell Holmes 
and his friend, the late Professor Morris 
Rayfield Cohen,‘ there are several letters 
in which these kindred spirits expressed 
themselves freely with regard to these 
two books. These letters seemed to 
us so intriguing that we could not resist 
passing them on to our readers. They are 
reprinted here by permission of the edi- 
tors of the Journal of the History of Ideas, 
to whom we are grateful. We make no fur- 
ther comment on the letters, leaving them 
to the reader’s enjoyment. 


* * * 


Nov. 29, 1923 
Dear Cohen: 

Your article’ was duly received and read— 
somewhat hurriedly of necessity—but with prof- 
it and appreciation—I have more respect for 
the universe now that I know that there is a 


‘The Holmes-Cohen Correspondence,’’ edited by 
Felix 8. Cohen, Journal of the History of Ideas (1948); 
9: 3-52. 

5“On the Logic of Fiction,” Jour. of Phil., 20 
(Aug. 30, 1923), 477, subsequently appearing as 
chapter 5 of A Preface to Logic. 


262 The Mathematics Teacher | April, 1955 








place in it for 4/—1. You are illuminating as 
always—and I shall try not to forget the lesson. 
Ever sincerely yours, 

O. W. Hotmss 


June 11, 1924 
Dear Cohen: 

Your letter comes just as I am leaving—so I 
must send you only hurried thanks. You bring a 
sinister grin to my mug. The book® came too 
and without opening it I told my messenger to 
send it on by book post to Beverly Farms where 
I shall find it awaiting me and laboriously ex- 
tract improvement from it. But I am trying to 
realize that it is too late to bother longer about 
my immortal soul and that it is lawful to seek 
amusement. But again I am glad to have a 
piéce de résistance. A dame has just sent me 
Ouspensky’s Tertium Organum—with demand 
for an appreciation. I am _ suspicious—and 
should be glad of a hint from you as I gather 
from a glance that salvation lies in the fourth 
dimension—which is a hard look out for me. 
Well—I must stop. I am thankful for your 
friendship—My compliments to your wife 
whom we were very glad to meet at last. 

Yours ever, 
O. W. Hotmes 


June 13, 1924 
Dear Justice Holmes: 

Teachers and judges have this in common: 
they must learn to read or listen to a great deal 
of inexcusable foolishness. I flatter myself that 
while my flesh is weak I have developed great 
patience in listening to foolish argument of 
students and in wading through numerous pages 
of nonsense to get at a possible idea or apercu 
on which confused minds sometimes stumble. 
Ouspensky’s book, however, has tried my pa- 
tience beyond the three (or is it eight?) mile 
limit. The man has some sort of intelligence; 
and if he had only taken the ordinary trouble of 
informing himself about modern mathematics 
he might readily have learned how nonsensical 
are the things which he has put down in this 
Tertium Organum. But, alas! The charm of 
speculating about the incomprehensible is one 
of the inescapable allurements of human life. 

Spengler’s Untergang des Abendlandes is nota 
book for the improvement of the mind, but for 
lawful amusement. He has a great trick of gen- 
eralizing in a way to make the facts irrelevant. 
But I found it very stimulating; for he opens 
vistas of possibility to a thinking reader who is 
ready to play with the author and, independ- 
ently, with the subject matter. 

I trust that you have now got rid of the cold 
and cough which you had in Washington and 


6 Oswald Spengler, Der Untergang des Abendlandes 
(1919-1922), later translated (1926-28) as The Decline 
of the West. 


that you are facing the gods as erect as usual. 
With kindest regards in which my wife joins, 
Sincerely yours, 
Morris R. CoHEN 


* - * 


June 15, 1924 
Dear Cohen: 

Your letter greets my first morning here 
just as I was regretting my stupidity in leaving 
your last in Washington. Spengler met me on 
my arrival last night. You relieve my mind by 
what you say about him and confirm an im- 
pression from my first glance. I have read far 
enough in Ouspensky to believe that I shall not 
get much from him. He has all the earmarks of 
what I don’t believe. He interests me mainly by 
recalling a talk I had with Count Schonvaloff 
when the Grand Duke came to Boston almost 
or quite before you were born—He worked off 
on me things that I had not heard before—the 
notion of a being living only on a plane—(is that 
from Helmholz?) and the suggestion that a 
point X infinity took us into a new and from 
the point’s outlook unimaginable novelty, the 
line—& so the line to the plane—and the plane 
to the solid—whether the solid  « led to the 
4th dimension or what, I don’t remember. Of 
course you have got to multiply in a particular 
way to get the result—but it tickled me. I am 
hardly oriented here yet, but I had to let off a 
line to you and not wait to send a solid. 

Yours ever, 
O. W. Hotmes 


June 19, 1924 
Dear Cohen: 

One additional word as to Spengler, to thank 
you and tell you how he tickles me. I read 
slowly as I can give only a limited time to the 
book and have to use the dictionary—though 
N.B. it is wise not to bother too much or one 
loses the general thought in the detail. I have 
read only 60 pages—but you may imagine that 
I chuckled at es gibt keine ewigen Wahrheiten. 
He gets nearer to being able to smile at himself 
than most Germans, though I doubt if he can— 
well, this is only a grunt after an hour, a happy 
hour, with this bbok—and now I must take my 
very modest constitutional walk— 

Yours ever, 
O. W. Hotmes 


July 14, 1924 
My dear Cohen: 

This moment sees the finishing of Spengler— 
Damn him—he has been my task and duty since 
I have been here—a duty not too assiduously 
pursued, you can see from the time taken, even 
though I had constantly to turn to the diction- 
ary. The swine has given me my money’s worth 
—for I haven’t read anything so suggestive and 
stimulating for a long time, from its abundant 
apergus in spite of excessive repetition—I don’t 
believe his most fundamental propositions, but 
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I feel a lot of new light on the different Kults 
that he discusses. I infer that he is not so strong 
on the natural sciences as he is on mathematics, 
music and art—Were he not a German I should 
be surprised at his dogmatism in statement, 
when his general view is so sceptical. In spite of 
his scepticism he seems to feel an inward de- 
mand for absolute truth and to be disappointed 
at the conclusion that he can’t scoop up the uni- 
verse. As I read I often wished that I could con- 
sult you. I don’t understand his distinction be- 
tween the realms of space & cause and effect 
and of time and Schicksal. What is cause and 
effect outside of time—and what is Schicksal 
if not the working of cause and effect? I don’t 
doubt that you could explain—I am perfectly 
willing to believe that he can’t say experimen- 
tally that cause and effect are exactly equivalent 
—For the matter of that I have often said that 
if causes suddenly ceased to produce effects—or 
phenomena appeared without cause—and I was 
not too scared to think—I should simply say— 
Tired so soon? I thought you would last my 
time—But I make more modest demands of the 
cosmos than those who are disposed to think 
that it wears a beard—I might ramble on— 
but I just want to tell you that I have read the 
book—with a good deal of intellectual emotion 
and am deeply obliged to you for sending it to 
me—while my feeling toward the writer is not 
unmixed with malevolence—Following your 
intimation, which accorded with my impression 
from 80 pages, I have felt warranted in letting 
Tertium Organum wait for better days. Now 
that I have finished Spengler and sent off some 
accounts that are the bore of July 1, I feel the 
man of leisure unless you set me another task— 
which I shouldn’t promise to perform. I hope all 
is well with you—my compliments to your wife 
whom I was so glad to meet— 
Sincerely yours, 
O. W. Ho_mes 


August 13, 1924 
Dear Justice Holmes: 

Your very good letter of the 14th of July has 
just reached me—the mail clerk at the City Col- 
lege kept it there four weeks.—-I am naturally 
delighted that you liked the book and differed 
as much from Spengler’s fundamental dogmas 
as I did. Spengler is a good deal of a journalist, 
—he is weak on the facts, in mathematics as well 
as in the natural sciences and also—I am in- 
formed by specialists—in art. But he has a very 
suggestive way of bringing together things 
which are not generally thought of together. 
He thus helps to build up new vistas or at least 
perspectives in which we see things in new 
lights. Would you like to have me send you the 
second volume which deals with the perspec- 
tives of world history? ... 
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Just what is mathematics? 


If it is somewhat difficult to tell what a 
mathematician is, what can be said of 
mathematics? From time to time, an 
attempt is made to describe briefly that 
vast enterprise collectively known as 
mathematics. Even a high school boy 
would probably agree that to describe 
mathematics as the “science of number, 
magnitude and quantity” is quite inade- 
quate. Not much better is the claim that 
“mathematics is the collection of all facts 
resulting from logically flawless thinking.”’ 
Other attempts at characterizing the 
Queen of the Sciences are far more telling, 
although each, in turn, leaves something 
to be desired. Thus Benjamin Peirce, a dis- 
tinguished nineteenth-century American 
mathematician, suggested that “mathe- 
matics is the science which draws neces- 
sary conclusions.”’ In somewhat similar 
vein, the philosopher William Benjamin 
Smith said that “mathematics is the uni- 
versal art apodictic.’’ In more recent 
times, Bertrand Russell’s bon mot has be- 
come a classic: ‘Mathematics is the sci- 
ence in which one never knows what one 
is talking about, nor whether what one is 
saying is true or not.’”’ Also very suggestive 
is Edward Kasner’s well-known quip: 
“Mathematics is the science which uses 
easy words for hard ideas.’’ And we might 
appropriately bring to a close these “defi- 
nitions’ by recalling Cassius Jackson 
Keyser’s observation that “the goal of 
mathematics is to think the rigorously 
thinkable.”’ 

Clearly, all such attempts to define 
mathematics are of little value unless one 
already has some reasonable notion as to 
what mathematics is all about. A few 
observations as to the scope and uni- 
versality of mathematics, suggestions as 
to its intrinsic nature and characteristics, 
an indication of the attitude of contem- 
porary mathematicians—these, perhaps, 
may prove more fruitful. 

Our first two quotations attest to the 
immensity of the subject: 


0 








It would be no exaggeration, indeed, to sug- 
gest that, if any two mathematicians were 
chosen at random and shut up in a room, they 
would be so unintelligible to one another as to 
be reduced to talking about the weather.? 


The mathematical universe is already so 
large and diversified that it is hardly possible 
for a single mind to grasp it, or, to put it in an- 
other way, so much energy would be needed for 
grasping it that there would be none left for 
creative research. A mathematical congress of 
today reminds one of the Tower of Babel, for 
few men can follow profitably the discussions 
of sections other than their own, and even there 
they are sometimes made to feel like strangers.*® 


What is often referred to as the univer- 
sality of mathematics is briefly but aptly 
suggested in these passages: 


Mathematical truth has validity independ- 
ent of place, personality, or human authority. 
Mathematical relations are not established, nor 
can they be abrogated, by edict. The multipli- 
cation table is international and permanent, not 
a matter of convention nor of relying upon au- 
thority of state or church. The value of z is not 
amenable to human caprice. The finding of a 
mathematical theorem may have been a highly 
romantic episode in the personal life of the dis- 
coverer, but it cannot be expected of itself to 
reveal the race, sex or temperament of this dis- 
coverer.® 


Mathematics is a self-determining domain 
of intellectual activity. It need not and does not 
apologize for or justify itself. If I want to know 
how to find the solution of an equation, or how 
to construct a geometrical figure, how to prove a 
theorem about number, or how to establish a 
property of space, then my only justification 
for wanting to know is just that I want to know. 
The unspoilt human mind wants to know, and 
recognizes no limits to the domain of this knowl- 
edge. It wants to know the ages of the pyra- 
mids, the angles of a tetrahedron, the structure 
of the atom, and the meaning of the square root 
of minus one.!° 


The essence of mathematics begins to 
emerge from the following considerations: 


...In all good thinking and feeling are to be 
found the three great ideas underlying both logic 
and mathematics; viz.: Generality; Form (some- 


7S. Brodetsky, The Meaning of Mathematics 
(London: Ernest Benn, 1929), p. 3. 

8 George Sarton, The Study of the History of Mathe- 
matics (Cambridge, Mass.: Harvard University Press, 
1936), p. 14. 

® Progressive Education Association, report, 
Mathematics in General Education (New York: D. 
Appleton-Century Company, 1940), p. 256. 

10S, Brodetsky, op. cit., pp. 74-75. 


thing that can be handled when its type is recog- 
nized); and Variability.™ 


Or, as Arnold Dresden has somewhere 
written: 


Four aspects of the science of mathe- 
matics—its powers of analysis, its concern with 
functional] relations, its abstract nature, and its 
interest in invariants under transformations 

.. are all abstract in character; mathemati- 
cians cultivate them for their inherent interest. 
They have been turned to fruitful account 
probably because they reveal fundamental 
qualities of the human mind, but these applica- 
tions belong to the sciences, natural and social. 


As has often been pointed out, mathe- 
matics, more than most enterprises under- 
taken by man, has the distinction of being 
one of the most self-sufficient. 


Mathematics is autonomous. What is inti- 
mate to it, its nature and structure and laws of 
being, must be sought in itself. 


Mathematics is the most completely autono- 
mous of all human activities. It is . . . the purest 
of the arts, although it differs from the other arts 
in that the work of each period is taken up as 
an integral part of the work of the next, and 
thus comes to exist, not independently, but ab- 
sorbed into a greater wholeness and beauty. 
Although, therefore, a history of mathematics 
is largely a history of discoveries which no 
longer exist as separate items, but are merged in- 
to some more modern generalization, these dis- 
coveries have not been forgotten or made value- 
less. They are not dead, but transmuted." 


One of the most remarkable of the intel- 
lectual achievements of man is the thor- 
oughness with which the very foundations 
upon which mathematics rests have been 
re-examined in modern times. The move- 
ment, which began in the last decades of 
the nineteenth century and has not yet 
spent itself, soon assumed the form of an 
entirely new attitude toward contem- 
porary mathematics—a viewpoint which 
is admirably delineated in the next half- 
dozen passages. 


1 Jacques Barzun, Teacher in America (Boston: 
Little, Brown and Co., 1945), p. 87. 

12 R. D. Carmichael, “The Larger Human Worth 
of Mathematies,”’ Scientific Monthiy (1922), 14: 455. 

138 J. W. N. Sullivan, The History of Mathematics in 
Europe (New York: Oxford University Press, 1925), 
p. 10. 
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If my teachers had begun by telling me that 
mathematics was pure play with presupposi- 
tions, and wholly in the air, I might have be- 
come a good mathematician, because I am 
happy enough in the realm of essence." 


The emergence of the abstract viewpoint 
adopted in the Twentieth Century by a large 
number of mathematicians led finally to a feel- 
ing that the subject matter of mathematics was 
not the study of numbers or space or any elabo- 
ration thereon, but simply the determination of 
consequences of systems of axioms. From this 
standpoint any system of axioms whatsoever is 
fair material for investigation. Thus mathe- 
matics has come to be, at least in the eyes of 
many practitioners of the art, something which 
can be loosely described as the science of axio- 
matics.'5 


. it is surprising that a construct created by 
mind itself, the sequence of integers, the simplest 
and most diaphanous thing for the constructive 
mind, assumes a similar aspect of obscurity and 
deficiency when viewed from the axiomatic 
angle. But such is the fact; which casts an un- 
certain light upon the relationship of evidence 
and mathematics. In spite, or because, of our 
deepened critical insight we are today less sure 
than at any previous time of the ultimate found- 
ations on which mathematics rests."® 


The ultimate foundations and the ultimate 
meaning of mathematics remains an open prob- 
lem; we do not know in what direction it will 
find its solution, nor even whether a final] ob- 
jective answer can be expected at all.!7 


14 George Santayana, Persons and Places (New 
York: Charles Scribner’s Sons, 1944). 

18 R. B. Kershner and L. R. Wilcox, The Anatomy 
of Mathematics (New York: Ronald Press Co., 1950), 
p. 27. 

1 Hermann Weyl, ‘‘The Mathematical Way of 
Thinking,” Science (1940), 92: 446. 

17 Hermann Weyl, The Philosophy of Mathematics 
and Natural Science (Princeton, N. J.: Princeton 
University Press, 1949), p. 219. 


. mathematics is eminently interested in the 
methods by which concepts are defined in terms 
of others and statements are inferred from 
others.'8 


... methematics, like other cultural entities, 
is what it is as a result of collective human ef- 
fort directed along evolutionary and diffusion- 
ary lines. And what it becomes will not be de- 
termined by the discovery of “mathematical 
truth” now hidden from us, but by what man- 
kind, via cultural paths, makes it. 

In short, mathematics is what we make it; 
not by each of us acting without due regard 
for what constitutes mathematics in our culture, 
but by seeking to build up new theories in 
the light of the old, and to solve outstanding 
problems generally recognized as valuable for 
the progress of mathematics as we know it. 
Until we make it, it fails to ‘‘exist.’? And, hav- 
ing been made, it may at some future time even 
fail to be “‘mathematics” any longer.’ 


And so, in leaving the question: what zs 
mathematics? we concur with the observa- 
tion of Professor 8. T. Sanders, who 
pointed out that 


the non-existence of a universally received defi- 
nition of mathematics is regarded by no one as a 
blemish on the science. On the contrary, the 
fact that the body of mathematical knowledge 
today is vastly extended beyond those lines that 
marked its boundaries even as late as a century 
ago, lends strength to the idea that the con- 
tinued lack, from age to age, of a widely ac- 
cepted definition of mathematics, has been 
fortunate, rather than unfortunate for the ex- 
pansion of the science.?° 


18 [bid., p. 3. 

19 Raymond Wilder, Introduction to the Founda- 
tions of Mathematics (New York: John Wiley & Sons, 
1952), pp. 283-284. 

20S. T. Sanders, National Mathematics Magazine 
(1945), 19: 326. 





“Tf we work upon marble, it will perish, 
If we work upon brass, time will efface it. 


If we rear temples, they will crumble to dust. 

But if we work upon men’s immortal minds, 

If we imbue them with principles, 

We engrave on these tablets something which 
no time can efface, 

And which will brighten and heighten to all 
eternity.” 


—Daniel Webster 
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@ POINTS AND VIEWPOINTS 


A column of unofficial comment 


The International Mathematics Union, 
The International Congress of Mathematicians, 
and The International Commission 
of Mathematical Instruction 


by Howard F. Fehr, Teachers College, Columbia University, New York, New York 


The mathematical societies and associa- 
tions of more than forty countries of the 
world are united by an over-all organiza- 
tion called the International Mathematics 
Union (I.M.U.). The Union has its own 
set of officers and executive board and is 
supported by contributions by the mem- 
ber societies and other philanthropic insti- 
tutions. Its main purpose is the communi- 
cation of mathematics research among all 
its members. To expedite this purpose the 
Union arranges a meeting every four years 
to which mathematicians from all parts of 
the world are invited to attend. This 
meeting is called the International Con- 
gress of Mathematicians. 

The last Congress was held at Amster- 
dam, The Netherlands, from September 2 
to September 9, 1954, and was attended by 
more than 1700 delegates, including re- 
search mathematicians, university and 
college professors, high school teachers, 
industrial mathematicians, and _ statisti- 
cians. Specialists in the various areas of 
mathematics study were invited to present 
hour and half-hour lectures and con- 
tributing papers of fifteen minutes in 
length. Seven sections were provided for 
special interests with the titles: (1) Alge- 
bra and Theory of Numbers, (2) Analysis, 
(3) Geometry and Topology, (4) Proba- 
bility and Statistics, (5) Mathematical 


Physics and Applied Mathematics, (6) 
Logic and Foundations, and (7) Philoso- 
phy, History, and Education. The sum- 
maries of the short addresses have been 
published in Volume 2 of the Proceedings 
of the International Congress of Mathema- 
ticians available at P. Noordhoff Ltd., 
Groningen, Holland. 

The members of the National Council 
wi)! be most interested in the presentations 
in the sessions of Section 7, which were 
arranged and presided over by Dr. L. H. N. 
Bunt, professor at the University of 
Utrecht. There were six sessions of this 
section at which 36 addresses were pre- 
sented, 5 different languages were used, 
and 12 countries were represented. The 
range of interest can be best estimated by 
the following sampling of titles of ad- 
dresses: ‘‘SSchool Mathematics for Life’’; 
“Vector Analysis in School Mathematics” ; 
“Projective Thinking’; “The Mathe- 
matics Laboratory’; “Intuitive Meth- 
ods’; “Intuition and Rigor in Instruc- 
tion”; “Didactical Research in Mathe- 
matics Education’’; “Geometry and Re- 
ality’’; ‘Learning Through Insight”’; ‘“The 
Notion of Structure in Elementary Mathe- 
matics.’’ Another notable feature of this 
section was an exposition of secondary 
school mathematics textbooks and periodi- 
cals from the major countries of Europe 
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and from the United States. This exposi- 
tion has been preserved in Paris and is 
available for display in other countries. A 
comparison of textbooks is highly illumi- 
nating of different philosophies of mathe- 
matics instruction. 

One of the sessions, sponsored by the 
International Commission on Mathemat- 
ics Instruction, was devoted to ““Mathe- 
matical Instruction for Students Between 
16 and 21 Years of Age.’ Descriptions of 
this instruction and the trend were given 
by Dr. H. Behnke (Germany); A. Chate- 
let (France); 8S. MacLane (United States) ; 
M. Villa (Italy); Miss M. L. Cartweight 
(England); L. H. N. Bunt (Holland); 
O. Frostmann (Sweden); F. Hohenberg 


(Austria); and 8. Bundgaard (Denmark). 
It is possible here to cite only the most 
interesting programs and trends. In Ger- 


many the program has been simplified by 
removing that subject matter of only his- 
toric value, and replacing it by instruction 
that leads more rapidly to modern mathe- 
matics—algebra of sets, statistics, topology. 
This can be done because it is not true 
that all modern mathematics is more 
difficult than the traditional mathematics, 
but it is frequently simpler, more interest- 
ing, and leads directly to use. In most 
countries there was expressed considera- 
tion for the learner, and a replacement of 
purely lecture and study methods by so- 
called methods of rediscovery through 
problem solving and the use of intuition. 
The report for the United States, given 
by Saunders MacLane of the University 
of Chicago, was excellent both in its ob- 
jectiveness and clarity. Among other 
things, it pointed out a trend toward fewer 
hours of school study devoted to mathe- 
matics, a smaller percent of students 
studying mathematics in high school and 
college, and the effect this would have in 
the future supply of scientific manpower. 
A second session of the Commission was 
given over to reports on “The Role of 
Mathematics and Mathematicians in the 
Present Age.’’ Professor Kurepa of Yugo- 
slavia made an extended survey of these 
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roles in all the countries of the world. His 
report, when completed, will be published 
in L’Enseignement Mathématique, Geneve. 
His preliminary report contained much 
material for teachers to use in showing the 
great force mathematics plays in modern 
culture. 

Of utmost importance to teachers of 
secondary school and college mathematics 
is the nature and function of the Inter- 
national Commission of Mathematical 
Instruction (I.M.C.I.) (in Germany called 
the Internationale Mathematische Unter- 
richtkommission (IMUK), and in France 
called Commission Internationale de L’ En- 
seignement Mathématique). This Commis- 
sion was first organized in 1908, then reor- 
ganized by the Mathematics Union at a 
special meeting in Rome, 1952. At the 
Amsterdam Congress a permanent organi- 
zation of this Commission was established 
and officers and representatives appointed 
to serve from January 1, 1955, to Decem- 
ber 31, 1958. The organization consists of 
a president and an executive board of ten 
members, appointed by the Union to serve 
terms of four years. (The president may 
be included as one of the ten board mem- 
bers.) Each country represented in the 
Union is entitled to two representatives in 
the Commission. From the list of repre- 
sentatives, and the appointed executive 
board, there shall be elected two vice- 
presidents, a secretary and a treasurer to 
serve as officers on the executive board. 
(If these officers are selected from other 
than the ten appointed board members, 
the board becomes enlarged in member- 
ship.) The Commission thus consists of the 
officers, members of the executive board, 
and the appointed representatives from 
the various countries. This group decides 
policy and program. 

In addition, each country in the Union 
may appoint a sub-committee of the Com- 
mission for that country. In the United 
States the sub-committee will most likely 
be named by the Mathematics Society and 
the Mathematics Association, in consulta- 
tion with the National Council of Teach- 
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ers of Mathematics. The sub-committee 
can be of any size, but two members of this 
sub-committee must be that country’s 
representatives to the Commission. It has 
been recommended that each country, in 
selecting its two representatives to the 
Commission, select a mathematician with 
interest in pure or applied research and 
another mathematician with a large con- 
cern for secondary and collegiate instruc- 
tional problems in mathematics education. 

The ten members appointed to the Com- 
mission by the Union, to serve from Janu- 
ary 1, 1955, to December 31, 1958, are: 
H. Behnke, President, Munster, Germany; 
Y. Akizuki, Japan; G. Ascoli, Italy; P. J. 
Dubreil, France; J. C. H. Gerretsen, 
Netherlands; R. L. Jeffery, Canada; D. 
Kurepa, Yugoslavia; E. A. Maxwell, Eng- 
land; Ram Behari, India; and M. F. 
Stone, United States. All these men are 
pure mathematicians of high rank and re- 
spected for their interest in mathematics 
education either at the secondary or col- 
legiate level. However, no one in this group 
can be considered a specialist in educa- 
tional problems in secondary and college 
mathematics. 

The following projects have been pro- 
posed for investigation by the Commission 
during the years 1955-1956: (1) producing 
treatises on the foundations of modern 
mathematics for secondary school and 
junior college teachers to aid them in 


properly teaching mathematics which is 
genuinely modern; (2) a continued study 
in every country of the present and possi- 
ble changes in mathematics education of 
youth, ages 16 years to 21 years; and (3) a 
continued study of the role that mathema- 
ticians and mathematics play in our world 
today. 

The purpose of the International Com- 
mission on Mathematics Instruction, the 
problems it is studying, and the necessity 
that educators and mathematicians work 
cooperatively make it important that The 
National Council of Teachers of Mathe- 
matics keep well informed of, and take an 
active interest in, the work of the Com- 
mission. The forthcoming reports of this 
Commission should be made known to and 
interpreted by all the mathematics teach- 
ers of the United States, if we are to make 
progress and to maintain our rightful edu- 
cational place in the community of na- 
tions. 

The organization of the International 
Congress of Amsterdam was_ superb. 


Mathematicians of every country of the 
world, regardless of color, race, religion, or 


political belief, were received with dignity 
and given the hospitality of a city that will 
long be remembered by every delegate. 
The Organization Committee and the 
people of Holland have the deep gratitude 
of the mathematicians from all over the 
world. 





“Scientific progress is like mounting a lad- 
der; each step upward is followed by a brief 
pause while the body regains its balance, and 
we can no more disregard the steps which have 
gone before than we could cut away the lower 
part of the ladder.”—0O. G. Sutton, Mathe- 
matics in Action (London: G. Bell and Sons, 
1954) 
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Reviews and evaluations 





Edited by Richard D. Crumley, University of South Carolina, Columbia, South Carolina, 
and Roderick C. McLennan, Arlington Heights Township High School, 


BOOKS 


First Course in Calculus, Hollis R. Cooley, New 

York, John Wiley & Sons, Inc., 1954. Cloth, 

v +643 pp., $6. 

In the preface the author states: ‘‘The book 
is to be addressed to the students. It is not a 
mere exercise book; it is to be read... .’’ The 
author has succeeded in his intention. In the 
approach to new topics the author has taken 
pains to develop each new concept. Rigor has 
not been sacrificed, but neither has it been made 
a fetish. The book has been written for beginning 
calculus students to read and understand. 

Somewhat different from most other texts is 
the manner in which integration is introduced. 
In Chapter 6 the topic is introduced as inverse 
differentiation. The symbol D is used. The 
usual integral sign and the term “indefinite 
integral’ appear two chapters later after the 
definite integral has been introduced as the limit 
of a sum. This change from tradition will prob- 
ably receive both praise and condemnation. The 
change should be tried before an opinion is 
formed. 

The sequence of topics is that found in most 
of the texts published in America in the past 
two decades. Differentiation of algebraic func- 
tions is followed by inverse differentiation (inte- 
gration), definite integrals, and applications, be- 
fore the transcendental functions are introduced. 
Trigonometric functions are introduced in 
Chapter 10 and both differentiation and integra- 
tion are treated. The same procedure is followed 
in Chapter 18 with the hyperbolic functions. 

Chapter 23 contains an excellent treatment 
of the essentials of solid analytic geometry. This 
is followed by chapters on partial differentiation 
and on multiple and iterated integrals. 

Throughout the book there are excellent lists 
of story problems, which do much to help the 
student to realize the power and importance of 
the methods of calculus. There are also satisfac- 
tory lists of examples for drill purposes in devel- 
oping essential techniques. However, the empha- 
sis seems to be on the applications, as it should 
be. 

Professor Cooley has made a real contribu- 
tion to the list of American texts in caleulus.— 
P. D. Edwards, Ball State Teachers College, Mun- 
cie, Indiana. 


Arlington Heights, Illinois 


Introductory College Mathematics, Adele Leon- 
hardy, New York, John Wiley & Sons, Inc., 
1954. Cloth, v +459 pp., $4.90. 


This text deals with a wide variety of mathe- 
matical topics. For each topic the author pro- 
vides good illustrative exercises, then exercises 
for the reader to work. These exercises are inter- 
esting. I believe most readers will feel that they 
are practical. So I find the text best adapted to 
teaching pupils how to solve many types of math- 
ematical exercises. 

Chapter-by-chapter the author inserts his- 
torical notes that will interest many readers. 
The pupil who studies these notes carefully will 
acquire a fund of information about the develop- 
ment of mathematics. 

The author tries to introduce the reader to 
the nature and method of mathematics. In this 
she is less successful. I believe there are two 
somewhat promising ways to accomplish such an 
introduction: 

One is to write what mathematicians call 
elegant proofs and expositions. Statements like: 
““A zero of a function is any value... ,”’ page 
202 (Why any?), and ‘‘Two variable sets vary 
directly if the quotient of their corresponding 
number pairs is constant,” page 229 (What are 
variable sets?) seem to me to lack the elegance 
of the best contemporary writing in the field of 
mathematics. Moreover, the distinction between 
what’s proved and what is made to seem reason- 
able is not sharply made. For example the proof 
that b™-b" =b™** on page 89 appears to be a for- 
mal, rigorous proof. Yet modern standards of 
rigor demand a proof by mathematical induc- 
tion. On page 57, the author demonstrates that 
(—a)(—b) =+ab. She does this indirectly by 
showing that the answer —ab, ‘‘the only other 
possibility,’ leads to a contradiction. She says 
this is not really a proof but “is intended to show 
that this ‘rule of the game’ is consistent with our 
previous assumptions”’; but, to the reader, it has 
the appearance of a proof as presented. The han- 
dling of “‘proofs’’ in this text seems to me a con- 
fusing mixture of rigor and plausibility. 

The other promising approach, as I see it, is 
to lead a reader to generalize his ideas and for- 
mulate interesting abstractions. In this text the 
characteristic order of presentation is: pep talk 
on the importance of a topic; rules and new 
words; tricks you can perform by following the 
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rules. The pupil is not a partner in discovery. 
He is shown the finished product. 

The reader who is docile and persistent will 
learn many tricks of mathematics. I do not be- 
lieve he will learn mathematical method from 
this text. He may even develop hostile attitudes 
as he grapples with quasi rigor and fights his way 
through tricky sentences for whose subtleties he 
is conceptually unprepared.—H. C. Trimble, 
Iowa State Teachers College, Cedar Falls, Iowa. 


Basic Ideas of Mathematics, Francis G. Lank- 
ford, Jr., and John R. Clark, New York, 
World Book Company, 1953. Cloth, vii 
+504 pp., $2.84. 


Mathematics for the Consumer (Revised), Francis 
G. Lankford, Jr., Raleigh Schorling, and 
John R. Clark, New York, World Book 
Company, 1953. Cloth, 438 pp., $2.76. 


Although either may be used separately, 
these books could well be used in sequence in a 
secondary school general mathematics course 
having as its objective the teaching of number 
concepts in a very practical, rather than theo- 
retical, way. 

From a review of elementary school arith- 
metic, the ‘‘basic’’ book goes into a study of ele- 
mentary geometry, and by the middle of the 
book, algebra has been introduced. The latter 
part of the book emphasizes practical applica- 
tions of fundamental algebraic processes. The 
first part of the book provides an excellent 
transition from grade school arithmetic to sec- 
ondary school mathematics, but the last half of 
the book moves perhaps too rapidly into what 
would be for some students the ‘“unknowns”’ of 
algebra. 

Mathematics for the Consumer contains a 
considerable amount of good descriptive ma- 
terial concerning business transactions that the 
average person will frequently come in contact 
with, and it would therefore be a useful teaching 
aid for teachers who may not be too familiar 
with typical business processes. There are other 
somewhat similar books available that contain 
more mathematics problems, but it is doubtful 
if the mere working of long series of similar prob- 
lems would be very valuable in a course whose 
primary purpose would be to help the mature 
student learn to think out for himself the finan- 
cial problems he will face after he leaves school. 
A terminal course in practical mathematics 
should feature class discussions, and this book is 
filled with material that would help to promote 
this technique. . 

The idea of presenting mathematical ma- 
terial in such a way that it can be grasped by al- 
most every high school student and then going 
on to demonstrate the practical uses to which 
these concepts can be put is very commendable. 
It is generally recognized by secondary school 
mathematics teachers that higher institutions 


of learning must eventually be persuaded to 
accept, with a greater degree of latitude than 
at present, the idea that many mathematical 
concepts can be grasped by some students in 
ways other than those dictated by tradition. 
Unfortunately many colleges are as yet unwill- 
ing to substitute high school credits obtained 
in such courses for the traditional algebra and 
geometry material. A school using these texts 
would therefore have to be very careful to avoid 
the possibility of a student completing the 
courses and then being disappointed because a 
certain college would not accept the credit.— 
John W. Rau, New Trier Township High School, 
Winnetka, Illinois. 


What Is Science? Norman Campbell, New York, 
Dover Publications, Inc., 1952. 186 pp., Pa- 
per-bound: $1.25; Cloth-bound: $2.50. 


The title and purpose of this book are in- 
triguing; it does not live up to the expectation. 
It is implied that the intention is to write an in- 
troduction to science for the general public and 
to encourage them to go on to study more of it 
in detail. 

The central idea of the book is the “laws of 
science.’’ The processes by which observation of 
natural phenomena are inductively combined 
into laws is told in a leisurely and friendly fash- 
ion. The examples drawn from science are not 
too advanced and are close enough to common 
experience to appeal to most people. 

At present the book is being reviewed from 
the standpoint of one who is interested in mathe- 
matics and its relationship to the other sciences 
discussed. The artificial and constant avoidance 
of any mathematical symbolism or simplifica- 
tion makes explanation more complicated rather 
than less and gives the false impression that sci- 
ence records and transmits its ideas in long, 
wordy arguments rather than the direct, terse 
algebra which is one of the jewels of mathemat- 
ics, even at an elementary level. This is particu- 
larly troublesome in the chapters on ‘‘Measure- 
ment” and ‘‘Numerical Laws and the Use of 
Mathematics in Science.” The picture is not cor- 
rect. 

Scientists may agree with the constantly re- 
iterated statement that science deals with “laws 
that are capable of universal agreement.’’ The 
type of fimality, eternal acceptance, and rock- 
bottom truth which must be attached to all 
“laws,’’ and therefore all real science, bothers 
anyone with even a little understanding of the 
postulational method in mathematics. Some of 
the most fruitful investigations in physics (the 
author’s field) and in mathematics have been 
concerned with doubtful premises, partially ac- 
cepted “laws” and intuitive or even mystical 
hypotheses. 

A fundamental fault is the attempt to cover 
a great deal, with much depth of inquiry, and 
always to say it in simple language. The material 
which the book tries to cover is important and 
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fundamental, the author doubtless has the back- 
ground to cover it, but he repeats so often and 
strings out his explanations so much that one 
has the feeling of wandering in an ill-arranged 
museum. Oh, for a clear floor plan! 

It is possible to find contradictions without 
too much trouble. On page 179 we find that ‘‘Sci- 
ence brings to the analysis of . . . experience the 
concept of definite, positive and fixed laws’’; yet 
page 182 says, ‘“‘Applied science, like pure sci- 
ence, is not a set of immutable principles and 
propositions; it is rather an instrument of 
thought and a way of thinking.’’ One does not 
get caught at this in lectures; but a book is dif- 
ferent. There are better books on this same sub- 
ject.—Henry W. Syer, School of Education, Bos- 
ton University, Boston, Massachusetts. 


Reviews and Examinations in Algebra, Oswald 
Tower and Winfield M. Sides, Boston, D. C. 
Heath and Co., 1935. Cloth, v+183 pp., 
$2.28. 


This book contains a large amount of supple- 
mentary problem material, especially for the 
second year of the intermediate course. Problem 
lists for the various topics begin at the level of 
difficulty of conventional texts but include a 
great many more challenging exercises. The 
latter half of the book is composed of a variety 
of examinations including college entrance and 
*‘prize”’ or challenge exams from the files of sev- 
eral well-known private schools. No answers are 
included, which some users will regret. 

There is increasing interest among educators 
in providing stimulating work for the superior 
student. This book can be warmly recommended 
for this purpose. However, because the reviewer 
believes it will be widely used in this manner, 
some suggestions are offered, if and when a re- 
vision is contemplated. There should be more 
use of the functional notation and in general a 
broader treatment of the function concept. 
More emphasis might be given to relatively 
easy concepts approached in a variety of ways, 
rather than on problems of greater technical 
difficulty always stated in conventional phras- 
ing. When extending the range of second-year 
topics, analytic geometry would be more use- 
ful than theory of equations. However, as is, 
a room set of this text would be valuable to 
every school offering second-year algebra.— 
L. Clark Lay, John Muir College,, Pasadena, 
California. 


Induction and Analogy in Mathematics, Vol. I, 
and Patterns of Plausible Inference, Vol. II, 
of Mathematics and Plausible Reasoning, G. 
Polya, Princeton, New Jersey, Princeton 
University Press, 1954. Cloth, xvi+280 pp., 
$5.50 (Vol. I); x +190 pp., $4.50 (Vol. IT); 
the set $9.00. 


There have been frequent criticisms that 
most mathematics texts present only polished 
proofs without sufficient indications of the steps 


272 The Mathematics Teacher 


used to discover the proofs. These two books by 
Professor Polya are primarily concerned with 
the reasoning (plausible reasoning) used to dis- 
cover properties and theorems, to make intelli- 
gent conjectures, and to test these conjectures. 
Plausible reasoning may be based upon induc- 
tion, analogy, and subtle inferences of many 
kinds. Unlike demonstrative reasoning with its 
formal proofs of conclusions that are as true as 
the hypotheses, plausible reasoning is used to 
strengthen or weaken one’s belief in a conjec- 
ture. In other words, plausible reasoning may be 
compared to a force with direction and magni- 
tude. The direction (supporting or discrediting 
the conjecture) may be logically established; 
the magnitude of the force (significance of the 
reasoning) is usually subject to personal inter- 
pretation. 

The books should be enjoyed by readers 
with a thorough knowledge of elementary alge- 
bra and geometry, some knowledge of analytic 
geometry and calculus, and some past expe- 
rience with limits and infinite series. There are 
also many examples and comments that will be 
appreciated only by readers with more advanced 
training, but these occasional advanced con- 
cepts should not disturb the continuity of the 
books for readers with the above minimum of 
mathematical background. 

Professor Polya presents a forceful argument 
for the teaching of intelligent guessing as well as 
proving. In this sense plausible reasoning is con- 
cerned with the distinction of ‘‘a more reason- 
able guess from a less reasonable guess.’”’ The 
guesses facilitate the proofs and the proofs are 
necessary to establish the guesses. 

The reviewer’s enjoyment of the books was 
greatly enhanced by the wide variety of prob- 
lems and problem situations—most of them 
elementary, many with a human interest rather 
than a mathematical orientation. There are also 
very readable and enjoyable discussions of such 
concepts as the isoperimetric problem (Chapter 
X, Vol. I) and ‘‘chance, the ever-present rival 
of conjecture’ (Chapter XIV, Vol. II). The re- 
viewer’s major disappointments were in the ab- 
sence of an index (‘‘since an index would render 
the terminology more rigid than it is desirable 
in this kind of work’’) and the emphasis upon 
using all of the given data. Even though the lat- 
ter is an important aspect of formal mathe- 
matical problems, it is a handicap in applied 
mathematics where the precise formulation of 
the problem and the determination of the type 
of data needed form a basic part of the problem. 
—Bruce E. Meserve, New Jersey State Teachers 
College, Montclair, New Jersey. 


EQUIPMENT 


Slated Globes, Denoyer-Geppert Company, 
5235 Ravenswood Avenue, Chicago 40, 
Illinois. Slated globes in wood cradles; avail- 
able in 6”, 8”, 12”, 16”, 20”, and 24” sizes; 
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8” globe, $4.25 plus postage; 12” globe, 
$22.00 plus express charges. 


The two globes examined were 8” and 12” in 
diameter and finished in black. The 8” globe is 
constructed of metal, and the 12” globe is made 
of molded wood-fiber plastic. Both globes come 
with wood cradles. The metal globe has a seam 
around the equator and rotates in any direction 
in the cradle. The 12” globe is seamless and can 
also rotate in any direction or, by using the 
metal rod furnished, can rotate about an axis 
of 233° from vertical. 

The quality of workmanship represented by 
these globes is excellent. The 12” model is hand- 
assembled and hand-finished, and this accounts 
for the higher price of it. Any of these globes 
can be used effectively in instruction in the 
areas of solid geometry, spherical trigonometry, 
navigation, or intuitive geometry. The producer 
recommends using a very soft chalk, and wisely 
so, because hard chalk tends to scratch the sur- 
face. Yellow, soft chalk was found to show up 
well and to be easily removable by using a soft, 
dry cloth followed by a damp cloth. Paper 
cleansing tissue was also found to be effective 
in cleaning the globes. Dropping the globes onto 
a concrete floor from a height of two feet did 
not seriously damage either globe. The metal 
globe came apart at the seam, but it was re- 
assembled without much effort. The 12” globe 
did not dent or crack from the fall, but the sur- 
face did wrinkle a little. Reasonable care of 
these globes should insure a long period of util- 
ity.—Richard D. Crumley. 


FILM 


Story of Weights and Measures, Coronet Instruc- 
tional Films, Coronet Building, Chicago 1, 
Illinois. 16 mm. film with teacher’s guide; 
collaborator, Foster E. Grossnickle; 11 min.; 
b & w, $55; color, $100.00. 


This film presents a historical development 
of measuring devices for measuring length, area, 
and volume, with emphasis on the need for 
standard measures. Some of the early proce- 
dures and devices for measuring are shown in 
their original setting. The producer recommends 
that the film be used in grades 4-9. 

This is an interesting film and well suited 
for grades 4-9, especially for grades 4-7. Be- 
cause of its explanation of the evolution of meas- 
uring devices and units, it should serve to help 
develop interest in learning about units of 
measure and their use. The medium of film is 
used to advantage by presenting things impos- 
sible or impractical to be presented in the class- 
room. The technical quality of the photography 
and sound is excellent.—Richard D. Crumley. 


PAMPHLETS 


A Discussion of Family Money: How Budgets 
Work and What They Do, Women’s Division, 


Institute of Life Insurance, 488 Madison 
Avenue, New York 22, New York. Pam- 
phlet, 83” X11”, 24 pp., free. 


Description: This pamphlet presents an in- 
formal report on the principles of good family 
money management. It includes a survey of the 
necessary procedures involved in planning the 
use of the family’s money for the benefit of all 
concerned. Sections are devoted to planning the 
use of family money, starting out to manage 
your money, the family income, and keeping 
down living expenses. The pamphlet does not 
attempt to develop a “standard budget”’ or con- 
vince the reader that a family should confine its 
expenditures to “‘average’’ amounts spent by 
others. The emphasis is on developing a plan 
through family co-operation which will lead to 
individual and family self-satisfaction and hap- 
piness. The pamphlet is devoid of mathematical 
content except for a family financial plan and 
some graphs summarizing a family situation 
upon death and retirement. 

Evaluation: Although the amount of mathe- 
matical material in this pamphlet is limited, it 
would be very useful for supplementary reading 
during a unit on budgeting for junior or senior 
high-school students. The pamphlet is clearly 
and concisely written, employing a very reason- 
able point of view in regard to a sound system 
of money management.—Clarence Olander, St. 
Louis Park, Minnesota. 


What Life Insurance Means, Educational Divi- 
sion, Institute of Life Insurance, 488 Madi- 
son Avenue, New York 22, New York. Pam- 
phlet, 6” <9”, 24 pp., free. 


Description: This pamphlet furnishes concise 
information on the nature and purposes of life 
insurance. Insurance is described as a means by 
which people share risks. Death is portrayed as 
the greatest risk of all and hence the need for life 
insurance. Topics such as living and death bene- 
fits, life insurance investments, insurance pro- 
gramming, types of insurance policies, and op- 
tions regarding insurance benefits are well treat- 
ed in this publication. Convenient summaries 
in chart form of much of the information are in- 
cluded. Incompleted cash value and mortality 
tables are included, but very little is mentioned 
of their function or use. Emphasis is placed on 
careful purchasing of life insurance to meet the 
individual needs of a particular family. 

Evaluation: This pamphlet could well serve 
as the basic reference for a unit on life insurance. 
However, it must be emphasized that the mathe- 
matical content is restricted to the reading of a 
few tables and charts. Nothing is said of the role 
of mathematics in determining insurance pre- 
miums or in computing premiums for policies of 
varying types and face values. The pamphlet is 
well prepared and includes sufficient information 
to provide a high-school student with an ade- 
quate background concerning life insurance.— 
Clarence Olander, St. Louis Park, Minnesota. 
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@ TIPS FOR BEGINNERS 


Edited by Francis G. Lankford, Jr., University of Virginia, Charlottesville, Virginia 


Building an appreciation of mathematics 


by Elizabeth M. Alley, O’Henry Junior High School, Austin, Texas 


There is ample reason why students 
should take from their study of mathe- 
matics pleasant memories, a sincere ap- 
preciation of the beauty and worth of the 
subject, and an interest that may enrich 
their leisure and provide recreation in the 
years ahead of them. For some, mathe- 
matics may become a means by which the 
mysteries and beauties of the universe are 
unfolded. To build an appreciation of 
mathematics is an appropriate goal in the 
early study of arithmetic as well as in the 
study of later courses. However, it is my 
experience that units planned primarily to 
develop an appreciation of mathematics 
should not be required. Moreover, conven- 
tional tests are not suitable to measure the 
development of such an appreciation. The 
teacher must informally observe pupils’ 
reactions to determine their attitudes to- 
ward mathematics. To the uninitiated, 
mathematics is generally considered a 
purely unemotional subject dealing with 
the practical and the coolly calculating as- 
pects of life. But the person who has stud- 
ied mathematics with success and enjoy- 
ment has experienced many highly satis- 
fying emotions. 

There are many pupil activities that 
may be used to develop an appreciation 
of the beauty and worth of mathematics. 
Pupils may collect examples of unusual as 
well as everyday uses of simple mathe- 
matics and display them on the bulletin 
board. They may write and produce 
dramatic skits based on highlights in the 
history of mathematics, or they may write 


essays containing such content as the 
following. 


MATHEMATICS EVERYWHERE 


Mathematics may appeal to us through 
our eyes and ears. Whoever thinks to con- 
nect music with mathematics? Yet music, 
like other forms of art, has a mathematical 
foundation. Music is divided into mathe- 
matical units of notes and measures. In 
“The March of the Wooden Soldiers,” 
there are four quarter notes, or their 
equivalent, to every measure. This arith- 
metical division of note values makes 
march time. If there are only three quarter 
notes to the measure, we have waltz time 
as in the “Blue Danube Waltz.” 

Through music, mathematics appeals 
to the ear; in architecture, its appeal is to 
the eye. The pyramids, those magnificent 
tombs of the ancient Pharaohs, are built 
on square bases with sides of four equi- 
lateral triangles coming to a common ver- 
tex. The Parthenon, great ancient temple 
of Athens, is a perfect rectangle with 
seventeen parallel columns on the side. Its 
dimensions are 228 feet by 101 feet by 65 
feet. In contrast to the parallel lines of the 
Parthenon, the Tower of Pisa presents an 
example of oblique lines. Its general form 
is that of a cylinder. The Coliseum is a per- 
fect circle, and the dome of the Taj Mahal 
is a semisphere. In our own time and coun- 
try, we find in Washington, D. C., a | 
famous building with five equal sides. Dis- 
tinctly a mathematical figure, it is called 
by a mathematical name—the Pentagon. 
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Architecture is only one of the arts that 
makes an appealing use of mathematics. 
Painting and sculpturing depend on math- 
ematics for ratio, proportion, symmetry, 
similarity and congruence. The human 
body represents some of these mathe- 
matical properties. 

Next we may consider the mathematical 
plan of the universe. The underlying prop- 
erties of much of the beauty and grandeur 
of nature are mathematical. The earth is 
a sphere turning with absolute mathe- 
matical precision on its axis. Look around 
you. The horizon is a circle. The sun, the 
moon, the stars, the rainbow are all 
mathematical forms which we study. 
Within the hexagonal snowflake are 
myriads of regular polygons whose inde- 
scribable beauty is so minute that it can 
be seen only through the microscope. 

Lilies, narcissus and jonquils are ex- 
quisite examples of the hexagon. The 
cosmos is an octagon. The leaves of the 
poplar tree, the maple, the cottonwood, 
and the ivy vine are multicolored illustra- 
tions of similar triangles. 


Though we have been talking about 
mathematics as it is manifested in the 
greatness and beauty of art, it is one of 
the most practical and utilitarian subjects 
studied. From the classes in homemaking 
come a round doughnut, star-shaped 
gelatin salad, tea in a cylindrically-shaped 
glass, an oval spoon, a round bowl! filled 
with ice cubes, and a wedge of cake. Think 
of those who cook. Fractions, fractions! We 
have to measure, multiply, divide, add 
and subtract. What is a third of three- 
fifths of a cup of sugar? We even eat mathe- 
matics! 

The world we live in—our everyday 
lives, and our business activities, as well 
as our cultural pursuits are based largely 
on the simple principles of addition, sub- 
traction, multiplication, and _ division. 
That is why we include such units as tax- 
ation, banking, insurance and measure- 
ments in our study of general mathe- 
matics. These practical applications of 
mathematics are an important part of the 
training for becoming effective citizens of 
tomorrow. 





REAL GEORGE 


By Les Landin 











| 


“I got suspicious when she started 
putting her unsolved arithmetic 
problems in her love notes... .” 


Used by permission of the NEA Journal 
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@ WHAT IS GOING ON IN YOUR SCHOOL? 


Edited by John A. Brown, University of Wisconsin, Madison 6, Wisconsin, and 
Houston T. Karnes, Louisiana State University, Baton Rouge 3, Louisiana 


Special preparation 


for general mathematics teachers’ 


by Lee E. Boyer, State Teachers College, Millersville, Pennsylvania 


The widespread recognition of two 
“‘tracks” in secondary school mathematics 
education leads to the issue implied in the 
title. The matter is particularly note- 
worthy because in the near future the 
schools of our country will be offering 
more classes of “general” (“basic,” in 
Pennsylvania and California; ‘“func- 
tional,” in Florida) mathematics than of 
“traditional” (“specialized,” in Pennsyl- 
vania; “traditional,” in Florida; ‘college 
preparatory,” in California) mathematics. 

Believing that beginning teachers teach 
pretty much as they were taught, we at 
Millersville asked ourselves, ‘‘Is the con- 
ventional program of algebra, trigonom- 
etry, analytic geometry, calculus and 
theory of equations, as we are accustomed 
to teach it to prospective mathematics 
teachers who themselves specialized in 
mathematics in high school, the best way 
of preparing general mathematics teach- 
ers? Are the habits of work, attitudes to- 
ward the subject, depth of abstract com- 
prehension, and rates of subject coverage 
emphasized in such classes similar to that 
which these teachers will find in their 
general mathematics classes? If not, might 
this program be, at least in part, responsi- 
ble for the all-too-frequent willingness of 
teachers (and, in turn, administrators and 


\Editorial note: For a more general discussion of 
this subject see Lee E. Boyer, ‘A New Responsibility 
of Teacher Education Programs,” Tre MarTuHe- 
MATICc8s TEACHER, XLVII (February, 1954), 66—70. 


pupils) to stigmatize the general mathe- 
matics courses and their pupils?” 

Our first step then, as an institution, as 
a department, and as teachers, is to recog- 
nize somewhat realistically individual dif- 
ferences among students and between 
mathematics courses organized to meet 
different needs. We believe that, at pres- 
ent, it is probably more difficult to teach’ 
general mathematics than to teach tradi- 
tional mathematics. It is therefore neces- 
sary for our prospective mathematics 
teachers also to sense the problem of teach- 
ing general mathematics successfully and, 
as they consider their developmental pro- 
gram, to study their own teaching powers 
and equipment so they will be especially 
well prepared either for the job of teaching 
the traditional mathematics or the gen- 
eral mathematics. By thus focusing atten- 
tion on the teaching of general mathe- 
matics we attempt to get prospective 
general mathematics teachers to believe, 
as a result of actual experiences, that the 
general mathematics courses are some of 
the most worthwhile courses in the entire 
high school’s course offerings. 

To date we have been caring for our 
prospective general mathematics teachers, 
in the main, with our prospective tradi- 
tional mathematics teachers. However, in 
the courses “Teaching .of Secondary 
Mathematics” and “History of Mathe- 
matics” we lean over backwards to em- 
phasize the general mathematics pro- 
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gram. Our course, “Field Work in Mathe- 
matics,” is literally filled with oppor- 
tunities to see practical applications of 
mathematics and to use many kinds of in- 
struments and devices in connection with 
mathematical problems. The teacher of 
this course, Associate Professor George R. 
Anderson, is especially gifted to inspire 
students to build mechanical aids of a 
mathematical nature. 

To date our course called “Funda- 
mentals of Mathematics,” covering pretty 
largely the content of the author’s text- 
book,? is not offered to students minoring 
or majoring in mathematics. It is required 
of all prospective secondary teachers in 
fields other than mathematics and of the 
prospective elementary teachers planning 
to teach in grades four to six inclusive. 
However, the members of the mathematics 
department offering the course have, upon 
several occasions, suggested that we 
should attempt to have something similar 
to it available to those prospective mathe- 
matics teachers who plan to specialize in 
the teaching of general mathematics, 

As for methodology of teaching we like 
to point out, by actually doing certain 
units, that the methods of general mathe- 


2 Lee E. Boyer, An Introduction to Mathematics for 
Teachers (New York: Henry Holt & Company, Inc., 
1945). 


matics are somewhat more laboratory like 
—not that textbooks are not studied—but 
the spirit of study and classwork is more 
like that of conducting practical investiga- 
tions. Although the teacher always has his 
eye fixed on promoting growth of mathe- 
matical power, he relies heavily on en- 
thusiastically using many life applications 
of mathematics to win the student to be- 
lieve that there really is merit in learning 
about and effectively using the established 
methods and techniques of mathematics. 
The problem resources of the local com- 
munity are embraced—this includes news- 
papers, magazines, journals, and radio and 
television programs. Intergroup and group 
relationships are relied upon to add to the 
opportunities to learn by doing. The pri- 
mary aim of promoting the all-round de- 
velopment of the student through his 
study of general mathematics guides the 
teacher-student relationship in college as 
it should guide the same relationship in 
high school. 

Perhaps our effort could be best charac- 
terized by saying that we merely make a 
special effort to help our prospective 
mathematics teachers transfer the rather 
standardized mathematics teaching task 
from teaching a group of pupils with a 
relatively narrow range of interests to 
teaching one with a much wider range of 
interests. 


Mathematics made meaningful in teaching graphs’ 


by George Janicki, Elm School, Elmwood Park, Illinois 


In teaching the graphing unit in sev- 
enth- and eighth-grade mathematics, I 
have tried to give meaning to the facts 
being presented by using new ideas which 
would be appealing and therefore be more 
interesting. 

1 Talk given on the Mathematics Panel, on Leyden 


Institute Day, March 12, 1954, at Leyden High 
School. 


I found my best source to be the Infor- 
mation Please Almanac, by John Kieran, 
which certainly contains sundry statistics. 
Also found useful were science books and 
other supplementary arithmetic books. 

After introducing angle measurement 
and the use of the protractor, and division 
of a circle into certain parts according to 
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the related percentages, I proceed to teach 
the Circle Graph Unit as follows: 


1. How We Learn: 87% by Our Eyes, 
13% by Our Ears. 


Then I decided to use the central idea 
of favorites, of favorite things to do, to see, 
to eat, to wear and to enjoy. 


2. Favorite TV Programs: Comedies 
55%, Mysteries 30%, Music 10%, 
News 5%. 

. Favorite Types of Music: Classical 
30%, Semi-Classical 20%, Popular 
50%. 

. Favorite Type Books: Mysteries 25%, 
Adventures 65%, Sports 10%. 

5. Favorite Amusements: Sports 30%, 
Reading 25%, Movies 25%, TV 20%. 


From the field of science, I found some 
interesting data on the topic of Human 
Blood Types: Type “A” 41%, Type “B” 
10%, Type “O” 45%, and Type “AB” 
4%, 

Also somewhat useful is the Water Com- 
position as given by the formula: 


H,0 or Hydrogen 663% and Oxygen 334%. 


From the field of language study, the 
topic of English Language Sources was 
found to be appealing: how our language 
grew from the Anglo-Saxon and the Teu- 
tonic tongues. 

When considering vertical bar graphs, 
there were found some useful suggestions 
in Thinking with Numbers.” 

I used the following topics with appro- 
priate measurements and had many ideas 
based upon them continued in other 
graphs. Some students even wanted to 


? Leo J. Brueckner, Foster E. Grossnickle, Elda 
L. Merton, Thinking with Numbers (Philadelphia: 
John C. Winston Co.). 


make up their own graph material and 
presented it to the classes. 

Science facts—anything to do with 
planets and their measurements, their dis- 
tances from the sun, the length of their 
orbits, their relative sizes. 

Longevity of certain animals—including 
man—proved to be humorous and inter- 
esting. The weights of certain breeds of 
dogs were considered by many students to 
be untrue unless their dog’s weight was 
considered in the data. 

In teaching safety, I use the topic of 
the braking distance of cars traveling at 
certain speeds to be an effective way of 
presenting the idea. 

Famous buildings’ heights, both in 
Chicago and in other major cities in the 
U.S., is a topic which many liked. 

Longest rivers in the world, lengths of 
spans of famous bridges in U. 8., numbers 
of stations listed with network broadcast- 
ing, rising coffee prices, population of 10 
largest cities in U. §., languages spoken in 
the world, number of TV channels in U.S. 
—all these topics furnish some material 
which is different and unusual and devel- 
ops student motivation. 

I offer each student one assigned topic 
to graph and one free choice topic in work- 
ing his or her graph. After planning and 
working out the details, I permit the 
graphs to be colored or illustrated to add 
to their effectiveness. 

I believe that any graph should tell a 
story, whether it be a circle graph or a 
vertical or horizontal bar graph. Stu- 
dents add their own meaning to their 
graphs by drawing figures or other models 
associated with their measurements. 

This seems to make their work more 
enjoyable, more meaningful, and they 
do not want to stop with only two graphs 
once they get started. 
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Ninth-grade general mathematics 


by Thomas E. Waddill, Green City District R-1, Green City, Missouri 


Let us assume here that there are five 
main items to be considered in teaching 
this course: 


1. Basic understandings and abilities re- 
quired of the competent citizen; 

2. Knowledge both desirable and useful 
which we would like to teach if the 
time allotted and ability of the pupils 
will permit; 

. Knowledge basic to success in future 
mathematics courses; 

. Guidance and motivation; 

. Providing for individual differences. 


Since the content of this course must be 
variable to fit the needs and abilities of 
different school populations, and because it 
is often the first course in high-school 
mathematics and is required of many 
ninth-grade pupils, it may very well be 
the most important mathematics course 
offered and certainly the most difficult to 
teach. 

Some means must be provided for con- 
siderable review of the fundamental opera- 
tions in whole numbers, common and deci- 
mal fractions, per cents, and measurement. 
The first of the year is a good time to pro- 
vide for a general review as it will give 
the pupil a sense of security and will also 
give the teacher an opportunity to diag- 
nose the various individual difficulties. 
This review must not be continued in 
such a way as to permit the pupils to feel 
that “‘we’ve already had all this.” 

A method that I have found fairly suc- 
cessful is to use two basic textbooks; one 
for the basic part of the course and the 
other for arithmetic review, drill, and ap- 
plications. In the latter text' inventory 
tests are set up in such a way that as soon 
as a pupil knows which problems he 


1 Edwin I. Stein, Refresher Arithmetic with Practi- 
cal Applications (New York: Allyn and Bacon, 1948). 


missed, he knows immediately which 
chapters to turn to for study and addi- 
tional problems. These inventories tell the 
pupil his individual needs and the results 
help the teacher direct review assignments. 
I have found that a great deal of review is 
helpful to every pupil because of (1) in- 
creased understanding, (2) increased ac- 
curacy, or (3) both. I rely a great deal on 
the one text for drill material, diagnostic 
testing, practical applications, individual 
assignments, and optional assignments. 
This text contains ample material and is 
organized to provide for individual differ- 
ences and for the basic understandings 
needed by the competent citizen. 

The other text, Mathematics, A First 
Course, by Rosskopf, Aten, and Reeve,? 
is used simultaneously with the other text. 
This text provides plenty of material for 
the study of geometry, algebra, business 
arithmetic and trigonometry, along with 
many applications. With high-ability 
groups who need little arithmetic review, 
you can supplement this text with addi- 
tional material on geometry and algebra. 
It also provides for some arithmetic re- 
view and also provides for individual dif- 
ferences. 

I have found it successful to have a 
number of concurrent assignments: 


1. An arithmetic review assignment from 
Stein required of everyone, possibly 
allowing six weeks for its completion. 

. Daily or weekly assignments on geom- 
etry from Rosskopf. 
. Optional assignments: 

a. Reports—men of mathematics, his- 
torical notes, recreation, 
uses of mathematics, etc. 

b. Designs—geometric, automobiles, 
airplanes, etc. 

2? Myron Rosskopf, Harold Aten, William Reeve, 


Mathematics, A First Course (New York: McGraw- 
Hill Book Co., Inc., 1951). 
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c. Problems more difficult than those 
required. 
d. Scrapbooks or other projects. 


These assignments are correlated to 
supplement each other; to provide reme- 
dial and maintenance work with proper 
attention to order of presentation. Some 
of the optional assignments are suggested 
to supplement the particular topic being 
studied while others may be given for 
guidance and motivation at any time. 
There are several good pamphlets made 
available by industry and business. Their 


attractive appearances appeal to the 
ninth-grade pupil and they also provide 
discussion material and suggestions for 
further study and projects. Any interest a 
pupil may have, if encouraged and guided 
properly, may be directed toward the cul- 
tural, esthetic, and practical values of 
mathematics for his daily and future life. 

In summary, this method implies that 
we teach as many of the fundamentals of 
algebra, geometry, and trigonometry as 
possible, while providing arithmetic for 
those who need it and for those who desire 
to improve. 


Why pupils elect to take mathematics’ 


by Roy G. Long, Bosse High School, Evansville, Indiana 


For several semesters at Bosse High 
School, the students in many of the mathe- 
matics classes have been required to carry 
out a project on some subject of math as 
an individual and contribute his results to 
the class. These projects are used in aritb- 
metic, algebra, and geometry classes as an 
extra credit incentive for the students. The 
list of topics is usually developed by 
teacher-pupil discussions, the students 
being encouraged to originate their own 
projects to fit in with what the class is 
studying. After the student has selected 
his topic, a conference is held with the 
teacher to discuss plans for developing the 
project. The projects are done by the 
student on his own time and must be com- 
pleted by a specified time. 

In the subject of algebra, the projects 
so far have been confined to the advanced 
algebra classes, but an attempt is being 
made to include some in the second semes- 
ter of beginning algebra. Some very worth- 
while algebra projects of the past have 
included: 


1 From the Indiana Mathematics Newsletter, April 
1954. 


. Models of the conic sections 

. Models of three-dimensional graphs 
of three unknowns 

. Models of (a+6)* and (a+b) 

. Class demonstrations on maximum 
and minimum surfaces with soap 
bubbles 

. Posters on various subjects such as 
uses of parabolas, circles, and ellipses 

. Graphs of trigonometric functions, 
conic sections, and types of graphs 

. Charts showing derivation and mean- 
ing of words in algebra 

. Systems of balances showing solu- 
tions of equations by use of the 
axioms 


In the arithmetic classes, the projects 
have been centered around the importance 
of arithmetic and its applications. The 
subjects of these projects are usually co- 
ordinated with the assignments on that 
particular topic so that the project will be 
timely. Some subjects of projects used last 
semester included the following: 


a. Arithmetic in the newspapers and 
magazines 
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. Household utilities—student visited 
local public utilities, obtained rates, 
and explained their use to the class 

. Federal and state income taxes— 
student obtained forms and informa- 
tion on these taxes and explained 
their use to class 

. Local property taxes—student ob- 
tained tax rates and explained how 
tax rates are determined and used 

. Arithmetic in insurance of all kinds 

. A visit to a local bank arranged for 
the class, display of banking materi- 
als 

. Information on installment buying 

. Complete study of all uses of arith- 
metic around the home 

. Use of arithmetic in games and sports 

j. Scale drawings of original house plans 

. Construction of puzzles 

. Comparison of several number sys- 
tems 

. An original playlet, radio program, or 
quiz show with arithmetic ideas 

. Displays of commonly used units of 
measures 


In the geometry classes the projects are 
usually centered around models, as almost 
any theorem may be made into a model. 
The uses of geometry have been used as 
ideas for posters and displays. Some of the 
more recent projects have included: 


. Models of the theorem of Pythagoras 
. Circle board to demonstrate all theo- 
rems on circles 
. Angle trisection devices and their 
proof 
. Models of plane geometry theorems 
using eyelet punch and eyelets with 
thin strips of fiber board 
. Original geometric designs on cloth, 
cardboard and transparencies 
. Posters on the uses of geometry in 
carpentry, sports, church design, 
home, farming, transportation, and 
architecture 
. Posters on optical illusions 


h. Root meanings of words with meter 
endings 
Construction of models of solid ge- 
ometry theorems 

j. Construction of geometric puzzles 
and games 


Much has been written concerning the 
objectives and values of project work and 
it is probably still a controversial issue. 
However, the objectives that have been 
achieved with our projects can be sum- 
marized in these points: 


. The student’s interest in mathe- 
matics is elevated to a higher plane. 

. Each student feels a part of the whole 
as he contributes his part. 

. Understandings of certain funda- 
mental theorems of mathematics are 
improved by visual means. 

. The many important uses of mathe- 
matics are emphasized. 

. The mathematics classroom becomes 
an interesting and inviting room. 


The students have displayed a keen in- 
terest in doing projects and often ask to do 
several during the semester. To a number 
of students, the sense appeal of projects is 
very valuable. Some of the seemingly less 
talented in classroom work have been the 
most talented in construction of a model 
or a poster. Anything that we teachers can 
do to promote a better taste for mathe- 
matics in our students’ minds will lead to 
better understandings of mathematics. 
The enrollment in these classes has con- 
stantly increased at Bosse since World 
War II, though the emphasis on mathe- 
matics has somewhat decreased nation- 
wide. Just as young people consume the 
foods most delectable to their tastes, the 
students consume the things they find 
most delightful in their classes. We feel 
that these projects have had a small but 
important part in making the food for 
thought in mathematics more interesting 
to the students. 
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Your professional dates 


The information below gives the date, name, 
and place of meeting, with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of Toe MaTHEMAT- 


1cs TEACHER. Announcements for this column 
should be sent at least ten weeks early to the 
Executive Secretary, National Council of Teach- 
ers of Mathematics, 1201 Sixteenth Street N.W.., 
Washington 6, D. C. 


NCTM convention dates 


April 13-16, 1955 

ANNUAL MEETING 

Statler Hotel, Boston, Massachusetts 

Jackson Adkins, local chairman, Phillips Exeter 
Academy, Exeter, New Hampshire 


July 4, 1955 

JOINT MEETING WITH NEA 

Chicago, Illinois 

E. H. C. Hildebrandt, local chairman, North- 
western University, Evanston, Illinois 


August 21—24, 1955 

SUMMER MEETING 

Indiana University, Bloomington, Indiana 

Philip Peak, local chairman, Indiana University, 
Bloomington, Indiana 


December 27-30, 1955 

CHRISTMAS MEETING 

Sheraton-Park Hotel, Washington, D. C. 

Veryl Schult, local chairman, Wilson Teachers 
College, Washington 9, D. C. 


Other professional dates 


Annual Spring Conference of the Minnesota 
Council of Mathematics Teachers 

April 29-30, 1955 

Coffman Memorial, University of Minnesota, 
Minneapolis, Minnesota 

Miss Angela Untereker, Technical High School, 
St. Cloud, Minnesota 


Spring Meeting of the Colorado Council of Teach- 
ers of Mathematics 

April 30, 1955 

Pueblo Junior College, Pueblo, Colorado 

Carl Wilkerson, 129 Van Buren, Pueblo, Colo- 
rado 


University of Oklahoma Institute for Teachers of 
Mathematics 

June 6-17, 1955 

University of Oklahoma, Norman, Oklahoma 

J. O. Hassler, University of Oklahoma, Norman, 
Oklahoma 


National Science Foundation Collegiate Confer- 
ence 

June 13—July 22, 1955 

Oklahoma A. and M. College, Stillwater, Oxla- 
homa 

L. Wayne Johnson, Oklahoma A. and M. Col- 
lege, Stillwater, Oklahoma 


Sizth Annual Mathematics Institute 

June 19-24, 1955 

Louisiana State University, 
Louisiana 

Houston T. Karnes, Louisiana State University, 
Baton Rouge 3, Louisiana 


Baton Rouge, 


Workshop on Elementary Mathematics 

June 20—July 1, 1955 

Iowa State Teachers College, Cedar Falls, lowa 

I. H. Brune, Iowa State Teachers College, 
Cedar Falls, Iowa 


Conference on Secondary Mathematics 

June 20—July 1, 1955 

Iowa State Teachers College, Cedar Falls, lowa 

H. Van Engen, Iowa State Teachers College. 
Cedar Falls, Iowa 


Eighth Annual Workshop for Teachers of Mathe- 
matics 

June 20—July 2, 1955 

Indiana University, Bloomington, Indiana 

Philip Peak, School of Education, Indiana Uni- 
versity, Bloomington, Indiana 


California Conference for Teachers of Mathe- 
matics 

July 5-15, 1955 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los 
Angeles 24, California 


Third New Jersey Mathematics Institute 

July 6-15, 1955 

Rutgers University, New 
Jersey 

Director of the Summer Session, Rutgers Uni- 
versity, New Brunswick, New Jersey 


Brunswick, New 


Third Annual Mathematics Institute of the 
Florida Council of Teachers of Mathematics 

August 18-20, 1955 

University of Florida, Gainesville, Florida 

Kenneth P. Kidd, University of Florida, Gaines- 
ville, Florida 


Seventh Annual Mathematics Institute of the 
Association of Teachers of Mathematics in New 
England 

August 18-25, 1955 

Middlebury College, Middlebury, Vermont 

Harriet Howard, Ethel Walker School, Sims- 
bury, Connecticut 
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NOW-—the text that has been used in more 
than 375 secondary schools and 80 colleges 
scores another classroom success . . . 


Slade and Margolis’ 


MATHEMATICS FOR TECHNICAL 
AND VOCATIONAL SCHOOLS 


FOURTH EDITION 


By SAMUEL SLADE, B.S., C.E., and LOUIS MARGOLIS, A.B., C.E. 


Some time ago, a nationwide cross-section of mathematics instructors was 
polled to discover the features they wanted most in a teachable and modern 
textbook. The resulting data has been carefully put to work in the revision of 
Slade and Margolis’ well-known Mathematics for Technical and Vocational 
Schools. 

In its fourth edition, this text is better in the classroom than ever before. 
Naturally, features that have contributed to its past success have been retained. 
These include: (1) a thorough review of arithmetic, (2) elimination or re- 
duction to simplest form of all theoretical discussions and derivations of 
formulas, (3) a comprehensive treatment of mensuration, (4) a wealth of 
illustrative examples, (5) a complete chapter on measuring instruments, (6) 
5000 interest-arousing problems, (7) a full chapter devoted to graphs, (8) a 
valuable presentation of machine shop applications, (9) exceptional tables, 
(10) suitability for either day or evening classes, and (11) a chapter on prac- 
tical computations which stresses the importance and arrangement of work, 
accuracy of results, mental approximation of results, and methods of checking 
results. 


FEATURES of the 4th Edition 


© modernized format 

e an expanded chapter on logarithms and graphs 

® a rewritten section on differential indexing 

e revision of all problems involving cost of material and labor to con- 
form with modern cost and wage scales 


@ many new problems 


1955 574 pages Illus. 5% by 8% $4.48 


Send today for your on-approval copy. 


JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N. Y. 


Please mention the MATHEMATICS TEACHER when answering advertisements 








A Sound, Visual Presentation That 
Makes Geometry More Interesting 


PLANE GEOMETRY 


Keniston 
and Tully 


Sales Offices: 


New York I1 
Chicago 16 
Atlanta 3 
Dallas 1 
Columbus 16 
San Francisco 


Toronto 7 


Home Office: 


Boston 


Revised Edition 


ITH a wealth of photographs and drawings this at- 
tractive textbook combines a clear and interesting 
style of writing in one of the most appealing mathematics 
books ever offered to high-school students. Its scores of 
down-to-earth applications bring plane geometry into the 
student’s everyday life—show him the practical value of 


knowing geometry. 


The material in this Keniston-Tully text is organized 
to make the student think. In its presentation of mathe- 
matical situations it emphasizes reasoning, and its many 


theorems require full use of the thinking powers. 


This Revised Edition presents extensive correlation of 
plane geometry with algebra, sections on co-ordinate 
geometry, computation with approximate numbers, a host 
of challenging exercises, and comprehensive sets of objec- 
tive-type questions for review. The book meets the standard 
requirements for both college and technical-school en- 
trance. The text includes excellent teaching and learning 
aids, and a Teachers’ Manual and Answer Book is avail- 


able. 


Please Ask for Descriptive Circular 


GINN AND COMPANY 





Please mention the MATHEMATICS TEACHER when answering advertisements 





THE BURNS BOARDS 


by Frances M. Burns 





A series of manipulative 
sensory aids for more 
effective learning of 
INTUITIVE and 
DEMONSTRATIVE GEOMETRY 
at the junior and senior 


high school levels a eore Coes 


Circumscribed About 
a Triangle 

Frances M. Burns, of Oneida High School, Oneida, New York, 
well-known authority on the teaching of geometry, has developed 
a series of manipulative devices that enable the teacher to demon- 
strate basic principles so that pupils can grasp their meaning 
quickly. The ready acceptance of Burns Boards and their 
rapidly growing popularity with educators are due to many ad- 
vantages, including the following: 


BURNS BOARDS 
Teacher Models 


10 large models (18 high 
x 24” wide) for classroom 
demonstrations by the teacher. 


@ Burns Boards create interest in © Burns Boards lead the pupil to 
Each board is equipped with 


geometry, without which little 
effective learning can be accom- 


plished. 


@ Burns Boards give meaning to geo- 


metric principles, propositions and 
definitions. 


@ Burns Boards allow correct train- 


ing in induction. 


Ask Your Dealer 
for Full Details! 


discover for himself relationships 
of geometric patterns to one an- 
other. 

Burns Boards help the student to 
generalize and to state the gen- 
eralization in concise language. 
Burns Boards save the time of 
both the teacher and the stu- 
dents. 


elastics and pegs for quick and 
easy manipulation. The teach- 
er's instructions include ex- 
amples which can be quickly 
set up on the demonstration 
boards. As the teacher demon- 
strates theorems, each pupil 
with his own board can work 
out the same problems with 
her. 


No. 855 Per set $25.00 


BURNS PUPILS’ BOARDS 


A true laboratory approach to geometry is assured 
through the use of Burns Pupils’ Boards. They en- 
courage student investigation and discovery. Class- 
room experience has shown them to be a powerful 
stimulus to learning. It is suggested for best results 
that students work in pairs with one board to the 
pair. Pupil models 44” cardboard (9” X 12”) are 
complete with elastics and pegs. Full directions for 
use and student work sheet is furnished with each 
board. Additional work sheets may be purchased 
in pads of 20. 

No. 856 Per set of 10 $5.00 


IDEAL SCHOOL SUPPLY CO. 


8312 South Birkhoff Avenue, Chicago 20, Ill. 


Please mention the MATHEMATICS TEACHER when answering advertisements 











Two colorful 
new series 


—-with illustrations and color effectively used 
for clarity and interest 


—with organization planned to aid sound and 
meaningful teaching 


—with review of earlier work at all stages 


—with material for motivation closely related 
to the text 


ALGEBRA 


Course 1 Course 2 


by HOWARD F. FEHR 
WALTER H. CARNAHAN 
MAX BEBERMAN 


For 9th grade and high school classes 


ESSENTIAL 


MATHEMATICS 
SERIES 


BOOK 1. Arithmetic at Work 
BOOK 2. Arithmetic in Life 
(Book 2 in preparation) 
by HOWARD F. FEHR 
VERYL SCHULT 


For Grades 7 and 8 and junior high school 


D. C. HEATH 
AND COMPANY 


PUBLISHERS OF BETTER BOOKS 
FOR BETTER TEACHING 


Sales Offices: New York 14 Chicago 16 
San Francisco 5 Atlanta 3 Dallas 1 
Home Office: Boston 16 











For FALL CLASSES 


| UNIFIED ALGEBRA & TRIGONOMETRY 


By E. P. VANCE, Oberlin College 
This new textbook emphasizes the uni- 


| fication of trigonometry and algebra, and 
| introduces ideas of analytic geometry in 


the presentation of trigonometry. Trigo- 


| nometry and algebra are discussed together 


throughout, and each is used to clarify the 


}} other. 


A distinguishing feature of the book is 
its definitions of the circular functions in 


| terms of the rectangular coordinate system ; 
| this not only furnishes the unifying link 


between trigonometry and analytic geom- 
etry, but enables the author to employ 
many simpler, more direct methods. In 
addition, the thorough integration of al- 
gebra and trigonometry eliminates unnec- 
essary duplications, and thus makes more 
time available for study of topics of fun- 


} damental importance, 


Cloth, c. 224 pp.; 
to be published April 1955 — $4.50 


| TRIGONOMETRY 


By E. P. VANCE, Oberlin College 


The analytic rather than the computa- 
tional part of trigonometry is emphasized 
in this new textbook, and circular func- 
tions are defined in terms of the rectangu- 


| lar coordinate system. It is intended either 


for liberal arts students or for those who 
wish to prepare themselves for further 
study in mathematics or the physical sci- 
ences. The author’s aim has been to give 


| either class of students some feeling for 
| mathematical thought and processes in ad- 
| dition to actual course content. 


The book is liberally illustrated, and 


i] contains a large selection of problems. 


Cloth, 168 pp., 54 illus. (1954) $3.00 
Examination copies available upon request 


ADDISON-WESLEY PUBLISHING COMPANY, INC. 
CAMBRIDGE 42, MASS. 


Please mention the MATHEMATICS TEACHER when answering advertisements 








Teacher’s Agency 
28 E. Jackson Bivd. Chicago 4, Ill. 


Teachers in the different fields of mathematics have exceptional opportunities 
through our office for positions in high schools, colleges and universities. | 


OUR SERVICE IS NATION-WIDE. 








1955 RUTGERS SUMMER SESSION 
THIRD ANNUAL MATHEMATICS INSTITUTE 
July 6-July 15 


The Institute, offered by’ the Rutgers School of Education in cooperation with the Association of Mathematics 
Teachers of New Jersey and with the endorsement of the National Council of Teachers of Mathematics, provides 
an unexcelled opportunity for teachers from many states to live and work together. The purpose will be to gain 
an understanding of more effective ideas in the teaching of elementary and high school mathematics, and a 
broader concept of the place of mathematics in science and industry, as well as in education. Prominent national 
figures will be present to act as resource personnel. A brochure giving full details of the Institute may be had 
by addressing: 
Director of the Summer Session 


Rutgers University, New Brunswick, New Jersey 











Announcing 


MATHEMATICS AND MEASUREMENTS 


A program of fundamental mathematics 
for use in practical measurement situations 


by Merrill Rassweiler, Associate Professor of Physical Science and 
Mathematics, The General College, University of Minnesota; and 
J. Merle Harris, Assistant Professor of Natural Science, The General 
College, University of Minnesota 





. bridges the gap between traditional mathematics and the use of mathematics 


as a working tool 
. focuses on the development of mathematical skills required in the laboratory, 


shop, and field 
. provides extensive practice and experience in the application of basic mathe- 
matics principles to the solving of measurement problems 


Note: This book is an outgrowth of a general education course successfully developed 
and taught by the authors to satisfy the needs of students who have not had any 
high school mathematics as well as for those who have. 


Write for full details 


unos Row, Peterson and Company “'Nin' yor 
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Published in February— 


Henderson and Pingry 


USING MATHEMATICS 


Vw A new textbook for the general student in high school. 
Introduces him to useful constructions and applications 
d of mathematics which are important in modern living in 
an 
the home and at work. 


Tisted ® Color emphasizes the focal points of all drawings 


® 100 cartoons motivate the study of everyday prin- 


ciples of mathematics 
by 


® Problems interest girls as well as boys. 


Aiken and Henderson 


ALGEBRA: ITS BIG IDEAS AND 


BASIC SKILLS 
Books I and Il, 1954 Editions 


A revision of these popular texts, with many new prob- 
lems. Organized around the big ideas and skills recog- 
nized as basic. Effective cartoons and drawings illustrate 


major principles and motivate new ideas. 


Rosskopf, Aten, and Reeve 


MATHEMATICS: A First Course 
A Second Course e- A Third Course 


The publication of the Third Course book completes this 
series of integrated high school mathematics texts, which 
present traditional subject matter in a vitally new organi- 
zation. Correlated Text-Films for the First Course text 


are available. 


McGRAW-HILL BOOK COMPANY, INC. 


330 West 42nd Street 111 North Canal Street 
New York 36, N.Y. Chicago 6, Ill. 
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HOW TO STUDY MATHEMATICS 


A Handbook for High School Students 
By HENRY SWAIN 


© Directed to high-school students. Written in their language. 


© €ontains many practical suggestions for succeeding in homework, classwork, and 
tests in mathematics. 


© Gives special help with difficult areas in algebra, geometry, and trigonometry. 

@ Illustrated with interesting drawings of students at work. 

e Some typical topics: how to prepare assignments, what to do when you “‘get stuck,” 
how to review, how to develop vocabulary, how to take notes, how to memorize, 
how to take tests. Many other useful topics. 

Order copies for your students. Generous discounts on quantities. 


Price 50¢ each. Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 

















Important. High School Mathematica Jota 


DYNAMIC PLANE GEOMETRY Skolnik, Hartley 
DYNAMIC SOLID GEOMETRY 


Just adopted in Texas! These texts make geometry more interesting and more 
meaningful to students. 


MATHEMATICS FOR EVERYDAY LIVING Leonhardy, Ely 
All the mathematics needed by the average individual in his daily life plus a 
comprehensive review of basic arithmetical operations. 


ALGEBRA IN EASY STEPS Stein 
First-year algebra with exceptional provision for handling individual student difh- 
culties, Almost 17,000 carefully graded exercises. Two editions—cloth and paper. 


PLANE TRIGONOMETRY, 2nd Edition Weeks, Funkhouser 
Three editions—without tables, with 4-place tables, or with 5-place tables. Care- 
fully organized to permit mastery of one new learning at a time. 


D. VAN NOSTRAND COMPANY, INC. 
250 Fourth Avenue New York 3, N.Y. 
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Bo Sure You have 
A copy of the Welch 
a Catalog 


Including 30 pages 
of items of particu- 
lar interest to the 
Mathematics 
Teacher. If you do 
not have a copy 

Write for 

it today! 


Among the many items of interest illustrated and described are the 


Schacht Devices for Dynamic Geometry 
Slide Rules 

Models 

Drawing Instruments and Kits 

Crayons — Paper — Charts 

Film Projectors and filmstrips. 


Serving the Schools for 75 years. 
W. M. WELCH SCIENTIFIC COMPANY 


DIVISION OF W. M. WELCH MANUFACTURING COMPANY 
Established 1880 
1515 Sedgwick St. Department X Chicago 10, Ill., U.S.A. 
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